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Abstract

In this paper, we study approximation of optimal feedback control for the finite horizon optimal control
problem with growth conditions for control systems and cost functionals. The optimal control problems
with growth conditions are usually applied in practice. In reducing the boundedness for the dynamics
function to the growth conditions, we have some difficulty in proving the convergence of the
approximation scheme by the Euler scheme. First, we prove comparison principle of unbounded viscosity
solution under the growth condition for the dynamics function and prove that the value function is the
unique viscosity solution of the Hamilton-Jacobi-Bellman (HJB) equation. We then construct a new
approximation scheme using Euler implicit scheme for the finite horizon optimal control problem and
prove that the approximation value function converges to the viscosity solution of the HIB equation as
the discretization step goes to zero. Based on the approximations of the viscosity solution, we construct
the optimal feedback controls for the corresponding discrete control systems. We consider an example
to show the efficiency of the time-space approximation algorithm by the Euler implicit scheme through
computational results.

Keywords: Optimal feedback control, Hamilton-Jacobi-Bellman equation, viscosity solution,
uniqueness, approximation scheme, convergence

1. INTRODUCTION

The construction of optimal feedback control for an optimal control problem is a major issue in
optimal control theory. It has been already proved that the value function is the unique viscosity solution
of the HIB equation [1-5] and optimal feedback control can be obtained by approximating the viscosity
solution. Therefore, Bellman's dynamic programming principle has now become a focus of modern
control theory. Some researchers studied the convergence of approximation schemes for the viscosity
solution of the HIB equation [6-13].

More recent results on the construction of an optimal feedback control and the convergence of the
approximation schemes of the viscosity solution of the HIB equation for finite horizon optimal control
problems can be found in Alla et al. [14], Falcone and Ferretti [15], Guo and Wu [16,17], Guo and Sun
[18], Sun and Guo [19], and Kim and Hong [5]. Guo and Wu [16,17] constructed an optimal feedback
control for the optimal control problem based on the approximations of the viscosity solution. We refer
to [9,20,21] for the study of uniqueness and convergence of the approximation scheme of the viscosity
solution of the Hamilton-Jacobi quasi-variational inequalities.

Barles et al. [22], Ramaswamy and Dharmatti [23], and Kim and Hong [5,24] studied the uniqueness
of unbounded viscosity solutions and convergence of the approximation scheme for optimal control
problems with unbounded cost functionals. Recently, Carrere and Zidani [25], Ramaswamy and
Dharmatti [23], Sun and Guo [19], and Kim and Hong [5] considered the optimal control problem by
reducing the boundedness on the dynamic function to the linear growth condition. In general, previous
works for optimal control problems assumed the boundedness or the linear growth condition on the
dynamics function in proving the convergence of the approximation scheme of the viscosity solution of
the HJB equation.
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In this paper, we consider a finite horizon optimal control problem in which the dynamics function
and the cost functional satisfy the growth conditions. The aim of this paper is to establish the uniqueness
of the viscosity solution of the HIB equation and the convergence of the approximation scheme to the
viscosity solution by reducing the boundedness conditions for the dynamics function and the cost
functional into the growth conditions and to construct an optimal feedback control for the optimal control
problem.

The rest of the paper is organized as follows. In Section 2 is proved the comparison principle of
unbounded viscosity solutions of the HIB equation by converting the unbounded function into bounded
one by suitable exponential transformation when the dynamics function and the cost functional satisfy
the growth conditions.

In Section 3 is constructed a time discretization scheme by Euler implicit scheme for HIB equation
and is proved that the approximation value function satisfies the growth condition and the local Lipschitz
continuity. We then prove that the solutions of the time discretization scheme and time-space
discretization scheme converge to the viscosity solution of the HIB equation when the discretization step
goes to zero. Section 4 is devoted to construct the optimal feedback controls for the corresponding control
systems based on the approximations of the viscosity solution. In Section 5, we present an algorithm for
finding the viscosity solution an optimal feedback control algorithm based on the approximation of the
time-space discretization scheme and give a numerical example.

2. UNIQUENESS OF VISCOSITY SOLUTIONS OF HJB EQUATION

Given T > 0, consider the following finite time optimal control problem.

( y@ = f(ty, @u@),t<t<T
y() =x
u(t) eU

](t, x,u(-)) = f £ (‘L’, 2 (r)u(r))dr + g(y(T)) - miny,

where u(-) € U = {u(-):[0,T] » U | u:zmeasurable}

We make the following assumptions for the finite time optimal control problem.

@2.1)

(A1). f:[0,T] x R™ x U — R™is continuous and satisfies the following conditions.

VR > 0,3Ls(R) > 0,Vt,s € [0,T],Vx,y € B(0,R),Vu € U,

Il f(t,x,w)—f(s,y, W) IS Le(R)At—s|+Ix—ylD.
(A2). f:[0,T] X R™ x U - R"satisfies the following condition.
3C > 0,vt € [0,T],Vx € R*,vu € U, (f, (t, x,u)x) < C(1+I x 1I?).

(A3). f:[0,T] X R™ x U - R"satisfies the growth condition:

vt € [0,T],Vx € R",Vu e U,Il f(t,x,uw) IS C(1+Il x II?),
where p > 1is a constant and [|-lldenotes the Euclidean norm of R™.

(A4). £:]0,T] X R"* XU — R and g:R™ — R are continuous functions and satisfy the following
conditions, respectively.

VR > 0,3L,(R) > 0,Vt,s € [0,T],Vx,y € B(0,R),Vu € U,
[2(t,x,u) =2y, W) ISL,(R)(t—=s1+Ilx—ylD),
VR > 0,3L4(R) > 0,Vx,y € B(0,R),Yu € U,
lgx) =g IS LR lx =y,
3C > 0,vt € [0,T],Vx € R, Vu € U,| €(t,x,u) |< C(1+I x II?),
3C > 0,Vx € R, | g(x) I< C(1+1l x 1I?).
The value function of the problem (2.1) is defined as
v(t,x) = ,irel{[](t’ x,U).
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Theorem 2.1. Suppose that the assumptions (A1)-(A4) hold. Then, for value function v(t, x)we have
3¢, > 0,vt € [0,T],Vx € R™, | v(t,x) I< C; (14 x 12). (2.2)
Proof. For u(-) € U, we have

| v(t,x) I< f 1¢(r,y, @Du(@) | de+l g(y(D)) I<

| cariym e+ casnym . 2.3)
On the other hand, from (A2), we have
(¥, y@®) = (f, (7,5, (T)u(r))y(r)),t <t<T.

Hence, we have

Ld 2= <cQ 2 <T
57 17@ 2= (£, (Y, @u@)y@) < CA+I @ 1)t <T<T. 2.4)

By integrating the both sides of (2.4), we have
1 2 1 2 i 2
2 I y(r) I°< > x|l +J C (1+1 y(s) 1%)ds
¢

and from Gronwall-inequality, we obtain
I y(@) 12< (ILx 12+ C(x — £))e€TD < (Il x 12+ 2CT)e?", 7 € (¢, T).

It follows from (2.3) that
T
| v(t,x) I< f CA+(lxI?+2CT)e?TNdr + C(1 + (Il x 1>+ 2CT)e?<T)
t

< CA+T)(A + (I x 124 2CT)e?T) < ¢, (1+1l x I12). (2.4)
By Theorem 2.1, the value function v(t, x)is locally bounded, and for any @ > Oand t € [0, T]we
have lim e v (t, x)e "™ = 0, where £(x) = (1+l x IIZ)%.
Now, for any t € [0,T]and @ > 0, let E([0,T] X R™) denote the space of locally bounded
functions usuch that lim,_,ou(t, x)e "% ® = 0.
For a locally bounded function u, we have

w (t,x) = lir%sup{u, 9),: (Y E0,TIXR " |t—sI<rllx—ylI<T}
o

and

u,(t,x) = lirr(l)inf{u, 5,9),:(5,y) E0,TIXR"|t—sI<rllx—ylI<r}
r—

If u = u*, uis upper semi-continuous function and if u = u,, uis lower semi-continuous function.
Definition 2.2. Let u be a locally bounded function. Suppose that for any function P €
Cl(R™Nusatisfies the following inequality at a local minimum point (t,x) € (0,T) X R™of u, —
Y (local maximum point of u* — )

oY(t,x
- lpgt ) + H(t,x,Dy(t,x)) = 0.
aY(t,x
<— ll)(gt ) + H(t, x, D (¢, x)) < 0.)
Then, uis called a viscosity super-solution (sub-solution) of the following HJB equation.
ou(t,x
- ((?t ) + H(t,x, Dyu(t,x)) = 0. (2.5)

If uis both a viscosity super-solution and sub-solution of (2.5), we say that uis a viscosity solution of
(2.5). Also, if uis a viscosity super-solution (sub-solution) of (2.5) and satisfies the inequality

u, (T, x) = g.(x) (u'(T,x) < g*(x)),
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we say that uis a viscosity super-solution (sub-solution) of HIB equation (2.5) satisfying the terminal
condition

u(T,x) = g(x). (2.6)

If u is both a viscosity super-solution and sub-solution of (2.5) and (2.6), we say that uis a viscosity
solution of (2.5) and (2.6).

The value function v(t, x)of the optimal control problem (2.1) is the viscosity solution of the terminal
problem (2.5) and (2.6) ([1]). Then, we have

H(t, x, D, u(t, x)) = sup{—f(t,x,u) - Dyu(t,x) — £(t,x,u)}.
ueu

Theorem 2.3. Suppose that the assumptions (A1)-(A4) hold. If upper semicontinuous function v, €
E([0,T] X R™)is a viscosity sub-solution of (2.5) and lower semicontinuous function v, € E([0,T] X
R™)is a viscosity super-solution of (2.5) and

v,(T,x) < v,(T,x),x € R",
we have
v, (t, x) < v,(t,x), (t,x) € [0,T] X R™.
Proof. For any fixed a > 0, define u;and u,by
u (6, %) = vy(t, x)e”%® and u, (¢, x) = v,(t, x)e ¥,
respectively. Since v;and v, € E([0,T] X R™), u,and u,are bounded upper semicontinuous function
and bounded lower semicontinuous function, respectively.
First, let us prove that u,is a viscosity super-solution of the following equation
du(t, x)
T

+ H(t, x, Dyu(t,x)) = 0, (2.7
where
ﬁ(t, x, D u(t, x)) = sgg{—f(t, X, U) - (au(t, x)D&(x) + Du(t, x)) — e~ @@yt x, u)}.
u
For any ¢ € C1(R™*1), let (s, z)be a local minimum point of u, (¢, x) — (¢, x). Then, there exists r >
Osuch that for any (¢, x) € B((s,z),7) N (0,T) X R™we have
uy (8, x) —P(t,x) Z uy(s,z) —P(s, 2).
U, (t,x) — p(t,x) = uy(s,z) — p(s,z) = 0.
From
e“f(x)(uz(t, x) — ¢(t, x)) > 5@ (uz(s, z) — ¢(s, z)) =0,
it follows that for any (t, x) € B((s, z), r) N (0,T) x R™
U, (t,x) — eX¥@p(t,x) = v,(s,2) — e @D¢(s,z) = 0.

Therefore, if we choose ®(t,x) = e¥™®¢(t,x), then (s,z)is the local minimum point of v, — ®.
Since v, (t, x)is a viscosity super-solution of the HJB equation (2.5), we have

0D (s, 2)
0 T ilég{—f(s, z,u) - D,®(s,2) — £(s,z,u)} =
= —e®@ M + sup {—f(s, zZ,U) - (an(z)e“f(Z)qb(s, z) + e“f(Z)Dx(l)(s, z)) — (s, z, u)} >0,
at ueuvu

which implies that

ap(s,z)
ot

and then u, (t, x)is a viscosity super-solution of the HJB equation (2.7).

+ sup{—f(s,z, u) - (an(z)d)(s, z) + D,¢(s, z)) — e~ @ p(s, 2, u)} >0,
ueu

Similarly, it is proved that if v, (t, x)is a viscosity sub-solution of the HIB equation (2.5), u,(¢t, x) =
v, (t, x)e~®®is a viscosity sub-solution of the HIB equation (2.7).

154



NEXUS

k PRESS

Journal of Decision Science and Optimization (JDSO)

Next, for any @ > Olet us prove that u, (¢t,x) < u,(t,x), (t,x) € [0,T] X R™. By contradiction,
suppose that there exists an @ > Oand (£, X) € [0, T] X R™such that

u (£, %) —u,(t,x) =8 > 0.

Now, for any € > 0, let us define the following auxiliary function.

lx—yI> +lt—s?
2e

| 1 1
D.(t,5,%,) = uy (t,2) — u5(5,y) — — B + ()™ —y (? + E)

—n@2T —t—ys),

1
where 8, m,y,n > Oand (x) = (1+]l x I?)z.

We see that ®.is upper semi-continuous function. If || x [land || ¥ llare large enough, then @, < Oand so
there exists a supremum of ®.. Then,

gup (be(t' s,x,y) = (De(ta Ser Xe» ye)-
[0,T] xrnxR™

Now, if there exists my, By, Yo, o > Osuch that

1 1)
vm < mg, VB < Bo, VY < ¥o, V) < g, 2B(X)™ — Zy% -2n(T-1%) < >

it follows that
6 _ 1 o
E <6 - Zﬁ(x)m - 2)/? - ZU(T - f) = cDe(t: t, X, x) < d)e(ta Se'xe'ye)-

Therefore, we obtain

| te _SE |2 +” xe _ye ”2

< Uy (tE' xe) —U; (SE' ye)-

2€
From the boundedness of u;and u,, it follows that
lte —se 1= 0,11 xe —ye 1= 0 (e > 0). (2.8)

Also, for any m < mpand f < B, since
BUx™ + )™ <Ny N+l o= L,

_ 1
we have x,,y. € B (0, (L/,B)E), and since

1 1
Y (— + —) <L,
tf S€
if we choose y; = min{y,, LT}, for any y < y,we have t,, s, € [y,/LT]. Thus, (t., x.), (Se,y.) € K: =
1
[y,/LT] x B (0, (L/,Bo)m_O). Suppose that

2y
s:= sup {(u1 —uy)(t,x) — 2B(x)™ —2n(T —t) — —}
[0.T|xk t

Then

S < @ (te, Ses Xer Ye) < Ug(te, Xe) — U (Se, Ye) — BUX)™ + (Ye)™) —
1 1
y(Z4=)—n@r -t =) = s
€ S€
We show that s(€) — sas € —» 0. From (2.8) and the compactness of K, without loss of generality, we
can assume thatt, - t*, s, > t*,x. > x*,y. = x*as € > 0. By the compactness of Kand the upper
semi-continuity of s(€), we have
1
limsups(e) = u  (t*, x*) — u, (t*, x*) — 2B(x*)™ — 2n(T — t*) — ZyF <s.
-0
Hence, as € — 0, we have
" xg_yg "2 |t5_se |2
-0,
2e 2€
Now, consider the case oft, = T. Then, t* = T and

- 0. (2.9)
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hm Supq)e(te' Sev xev ye) S hm Sup(ul (ts: xe) - U.2 (SE: ye)) =

€-0 €—0
=u, (t5x*) —uy(t', x*) = uy (T, x*) —uy(T,x*) <0,
which is contradictory to lim sup._,, P (¢, Se, X, Ve) > 0. The case of s, = Tis proved similarly.
Next, we consider the case of (t,, x.), (Sc, ¥e) € (0,T) X R™. Define the following auxiliary functions:
X —ye >+t —sc |?
2e

¢(t1 X) = uZ(Ser ye) + + ﬁ((x)m + (ye)m) +

1 1

y<?+s—e)+n(2T—t—sE)

and

lxe—y 12+l te —s|?
2€

<1+1> Q2T —t
)/te 5) 7 c—S).

l,l)(S,y) = ul(tevxe) - - ﬂ((xeyn + (}’)m) -

Then u; — @has maximum at (t,, x.)and u, — Whas minimum at (s, y.).
From the definition of the viscosity solution, we have

_09(t, xc)

Jt + H(te'xe' qu)(te'xe)) <0

at (t., x.)and

_0Y(se,ye)

35 +H (SE; Ye, Dylp(se: ye)) 20

at (S¢, y.). Thus we have

lps(se' ye) - (pt(ter xe) < H (Se' Ve Dyl,b(Se, ye)) - H(tex Xe ngo(te:xe))- (210)

Then
te—S 1
Qe(te, xe) = - G—U—Vt—z,
€
x. —
Dy (ter ) = =2 4 mpxymx,,
te — Se 1
lzbs(ser ye) = P +n+ yg;
Xe — Ve _
Dyw(se'ye) == < - mﬁ(ye)m zye,

€
and (t,, x), (Se, ¥e) € Kand for R > Owith K © B(0,R), we have

” f(te: xe: u) - f(Se:yelu) "S Lf(R)(l tE - Se | +” xe - yE ”)
In view of || Dé(x) II< 1, we have
H (Ser Yer Dylp(ser ye)) - H(te: Xe» Dx(p(te: xe)) <
< sup {_f(ser Ve, U) (Dyll)(se' Ye) + au,(se, ye)DE(ye)) - eaf(ys)’?(se: Yer u)} -
ueu
_Sug{_f(ter Xe) u) (Dx(p(ter xe) + aul(te' xe)DE(xe)) - eaf(xe)g(te, Xe» u)} <
ue

I xe —ve |l -
< LR te —sc 1+l xe —ye 1) (a Iy oot ————+ Bmfx,)™ 1) +

+C(1+1 ye "p)[,gm((xe)m_l + (ye)m_l) +a lug(te, xe) — ux(Se, ¥e) 11 +
+€_a§(x€) [ f(te; Xe) 'Ll.) - f(Se, Ye, u) | +C | e_af(yg) - e_ag(xE) | (1+" Ye ”2)
Hence, from (2.10) it follows that

1 1
2n+yé+y§S
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” xE - yg ” m—1
S LR te —sc L+l xe =y 1) (a Il uy Ilm+f+ﬁm(xe) )+

+C(1+” Ve "p)[ﬁm«xe)m_l + (ye)m_l) +al ul(tE'xe) - uz(se' YE) |] +
+e7 | L(t, xe,u) — £(Se, Ve ) | +C | B0 — =B & | (1+] y, 112).  (2.11)
In view of B({(x)™ + (¥e)™) < L (m, < myf < fBy), it follows from (2.11) that
1 1 Il xe — ye ll 1
2n + yt—z + yg SLrR)(I te —sc |+l xe =y 1D (a Iy llot+ — + fm(x )™ ) +

€
P _
1+l y. IP< 14 (L/B)™ = C.

Now, by taking m < min {2:7, mo}and a< 26"7, it follows from (2.12) that

2n +Vtiz+)/slzén+0(e). (2.12)
é é

which is a contradiction. Thus, it follows that

u (¢, x) < uy(t,x), (t,x) € [0,T] X R™.
By using

uy (8, %) = vy (t, x)e” %@ < u,(t,x) = v,(t, x)e %W,

we have

v,(t,x) < v,(t,x),(t,x) € [0,T] X R™.

From Theorem 2.3, it follows that the value function v(t,x)is the unique, unbounded and
continuous viscosity solution of HIB equation terminal problem (2.5) and (2.6).

3. APPROXIMATION OF THE VISCOSITY SOLUTION OF THE HAMILTON-JACOBI-
BELLMAN EQUATION

3.1. Time Approximation Schemes

For any t €[0,T) and any natural number N = [T]+1 we set h = %(O <h<1),
where [a]denotes the largest integer that is not greater than a.

We discretize the optimal control problem (2.1) using Euler implicit scheme with respect to time
variable.

{)’j+1 =y; + hf(t, (v + ¥j+1)/2%), j=0,..,N—1 3.1)
Vo = X, x € R™, ’
N-1
]h(t, X, uj) = Z h{’(t-,yj, uj) +glyy) = r{rzlilrf, (3.2)
j=0 !

where y; = y(tj), u; = u(tj). Then, the value function of (3.1) and (3.2) is defined as
t,x) = inf],(t, x, {u;{).
vn(t, %) {13]]/,[( % {w})
Theorem 3.1. Suppose that the assumptions (A1)-(A4) hold. Then for h(0 < h < hy)and the value
function vy, (t, x), we have
3¢, > 0,vt € [0,T],Vx € R, | v, (t,x) I< C;(1+1 x 1?). (3.3)

Proof. For control sequence {uj}, we have
N-1 N-1
| v, (t, %) 1< Z Rl (g, y5w) |+l glyy) IS Z hC(1+1y; 12) + C(A+Il yy I12). (3.4)
j=0 j=0
From the assumption (A2) it follows that

¥+ ¥+ Y+ i+
(y,-+1, j ; 1+1) _ (y,-. j . ]+1)+h(f, (tj, j . ;+1,uj) j 21+1),

157



NEXUS

Journal of Decision Science and Optimization (JDSO,
A\V PRESS / 4 (b30)

I yjex I2<Iy; 124 2CR(1+1 y; + yjoq 12/4),
I yjea 20y 124 2Ch + Ch(ll y; 12 +1 ;41 112),
which implies that
2Ch 1+ Ch 2Ch
T T Vv Py P

Now, if we choose hy = min (1, %), for h(0 < h < hy)it follows from (3.5) that

I yjea 1< (1+1y; 12). 3.5)

I i1 I2<Iy; 12+ 4Ch(1+1 y; 12),j = 0,..,N — 1
and then
Il yy IP<Il x 174+ 4Ch(1+1l x 1?) < (1 + 4CR)(1+I x 112),
Iy, I2<0 vy 124 4CR(1+1 y; 1) <
<l x 112+ 4Ch(1+1l x 1?) + 4Ch(1+1l x 1*) + 4Ch(1+ x I1?) <
< (1 +4CR) A+ x I1?) + 4Ch(1+1 x 1?) + 4Ch(1+1 x 11?) <
< (1 +4Ch)2(1+1 x 1I1?),
which gives us the following inequality
Iy 1< (1 +4CR) (1+1 x 1I12) < e* " (1+1 x 12) < e*T(A+1 x I12),j =1,N. (3.6)

Thus, we have
N-1

| v (t,x) 1< z RC(1+e*T(1+1 x %) + Co(1 + e*T(1+1 x 1)) <
j=0

< CT(1+e*T(1+1 x 12) + Co(1 + e*T(A+1 x I1%)) < C,(1+1 x 112),
where C; = (Co + CT)(1 + e*T). Then, the equation (3.3) holds. O

Remark 3.2. For the control system (2.1), if the time variable is discretized by Euler scheme, there is
difficulty in the proof of Theorem 3.1. Therefore, the time discretization is based on Euler's implicit
scheme for the control system (2.1).

In (3.1), for (0 < h < hy)if we use Euler scheme
Yin = ¥+ hf (4, y5),
the scheme (3.1) can be rewritten as follows.
h ,
{ym =y +hf (v + 3Gy w)y), j=0,.,N-1, (3.7)
Yo = X, X € R™.

We will use the time discretization scheme (3.7) in proving the convergence of the approximation scheme
when the discretization step goes to zero.

Lemma 3.3. The value function vysatisfies the discretized HJB equation
v (t,x) = inf {hf(t, x,u) + vy (t, +hx + hf (t, x, + gf(t, X, u)u))}
uevu

vp (T, x) = g(x).
Lemma 3.4. Suppose that the assumptions (Al)-(44) hold. Then for h € (0, hy)and for any compact
subset K € R™, we have

3C¢ > 0,Vt,t € [0,T],Vx,z €K,
| v (t,x) — v (5, 2) IS Ce(Ilt—E 1+l x — 2z II).

Proof. Fix any t € [0, T]and letx,z € K < B(0,R). It follows from the definition of the value function
that

(3.8)

Ve > 0,3{T}, v (t, 2) 2 Ju(t, 2 (%)) — €.
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Now, let {y]-}and {zj}denote trajectories corresponding to {ﬁj}which start at xand z € K, respectively.
Then, from (3.6) we have

Iy; IS e2T(A+l x ) and Il z 1< e*T(1+0 z ),j = LN.
Thus, by taking R = 2T (1 + R), we have
y; € B(O,R),j = 0,N,z € B(O,R),j =0,N.

For trajectories {y]-}and {zj}we have
Y1 =x+hf (t, X, +%f(t, X, ﬂo)ﬁo),
zy =z +hf (t, z,+ %f(t, Z, ﬁo)ﬁo)
and from the assumption (A1) it follows that
lyy — 2z ISl x —z | +Ls(R) <|I x—zI +%th(§) lx—z II)-

Thus, if h < h = min (ho, ), it follows that

1
L¢(R)
Iys =z 0 (14 20L,(R)) 1 x - z I
In the same manner, we obtain
_ _\2
1y, = 2 1< (14 2hL,(R)) 11 yy = 23 1< (1 + 2hLe(R)) N x =z |

and in general, we obtain

—\/ : ol
Iy =z lI< (1 + 2th(R)) lx—zI<e?™® | x—z,j=1,..,N.

Therefore, we have

N-1 N-1
w6 0) = va(6,2) < O he(t,,,8) = Y he(t,7,%) + gon) — g(a) + € <
=0 =0

N-1

< > LR 1y =7 I +Lo(R) Ny — 7 I e <
j=0
N-1
< Z hLy(R)eXMs® || x — 7 || +L,(R)e*Mr® | x — z || +€ <
j=0

< Ly(R)Te*r®T | x — z || +Ly(R)e*r®T | x —z || +€ <
< (Lf(E)T + Lg(R)) e2Lr®T |y — 7 +e < Cqllx— 2 || +e,

where Cy = (Le(E)T + 1L, (E)) e?Ls®T Eyen if role of xand zis exchanged, the above inequality

remains true and then we have

lv(t,x) —v(t,2) ISCrl x— 2z |I. (3.9)
Now, for any t € [0, T]suppose that t < t. Put

= [ 1
]t_ h .

Then, for control sequence {uj}it follows from Lemma 3.3 and (3.9) that

Je—1
v (6, x) —vy(t, 2) < Z hf(tj,y}-, uj) + vh(t, yjt) —v,(t,z) <
=0
je—1
< Z hl f(t-,yj,uj) | +1 vh(t,yjt) —v,(t,x) | +Hl v (t,x) —vu(t2) I<
=0
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Je-1
< D h1e(t,yw) 4G 1y = x I +Cg 2 =21,
j=0

where y;, =y, 1+ (t - tjt—l)f(tjt—l' (yjt_1 + yjt),/Zujt_l) . Thus, for any x,z € K and any t €
[0, T]with t < t, if we take

Mg, = max_ f(t,x,u), Mg, = max_  2(t,x,u),
[O,T]XE(O,R)XU [O,T]XE(O,R)XU
we have
Je-1 Je—1
v (6, %) —v,(t,2) < Z h Mgz, + Cg Z hMgs+ Cpll x —z II<
j=0 j=0

< (Mo + CeMgs) 1t —E14+Cr I x—z IS Ck(lx —z 1 +1 £ —E D),
where Cy = maX{Mm, +C_RM,§fC_R}. Also, for any t € [0, T]with t < t, the proof is similar. If the role
of xand zis exchanged, the above inequality remains true and then we have (3.8).

Theorem 3.5. Suppose that the assumptions (A1)-(A4) hold. Let v(t, x)be the value function of the
optimal control problem (2.1). Then, for any compact subset K € R™, the value function vyconverges
uniformly to vin [0,T] X Kas h — 0.

Proof. Tt follows from Theorem 3.1 and Lemma 3.4 that {v}, }is uniformly bounded in [0, T] X Kand Equi
continuous for any compact set K € R™(D c K). Hence, by Ascoli-Arzela's theorem, there exists a
uniformly convergent subsequence of {v, }at [0, T] X Kas h — 0. We denote the subsequence by v, again
without loss of generality. Then, lim;,_, v, = .

Now, let us show that 7(t, x)is a viscosity solution of (2.5). First, we prove that (¢, x)is a viscosity
sub-solution of (2.5) at (0,T) X R™. For any y € Cl((O, T) x R”), let (to, x0) € (0,T) X R™ be a strict
local maximum point of ¥ — 1. For some r > 0, we can choose a sequence {(ty, x,)} € B, (to, xo)of
maximums of v, — in B, (t,, X,)such that

}li_f}(l)(th:xh) = (to, xo), }li_f}(l)vh(th; xp) = U(o, Xo),
where B, (tg, X,)is open sphere with radius r > Ocentered at point (t,, xo)[1].

Now, by taking hsufficiently small, we can show that

vu € U, <th, +hxy, + hf (th,xh, +%f(th,xh,u)u)) € B,(to, Xo)-

Thus, it holds that
Uy (tn, xp) — Y(th, xp) =

= (th’ +hxy, + hf (th: Xp, +%f(th: xh:u)u)) -y (th: +hxp + hf (th:xh; +%f(tn,xh,u)u))
By Lemma 3.3, since
v (th, xp) < hE(ty, xp,w) + v <th, +hx, + hf (th,xh, + %f(th,xh,u)u))

we have

0 = v, (ty, xp) — W (ty, xp,u) — vy, <th, +hxy, + hf (th, X, +%f(th, X, u)u)) >

h
= P(th, xn) — Y <th: +hxy + hf (th' Xp, + jf(th, Xn, u)u)) — he(tp, xp, u). (3.10)
By dividing the both sides by hand by taking h — 0, we have

0
_a_ltp(to'xo) — f(to, x0,u) - Dytp(to, xo) — £(tg, Xp,u) < 0.

The arbitrariness of uimplies that
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- E (to, %) + i‘ég{_f(tm X0, u) * Dytp(ty, x0) — £(to, X0, u)} = 0.
Thus, ©(t, x)is a viscosity sub-solution of (2.5) in (0,T) X R™.
Similarly, we can prove that v (¢, x)is a viscosity super-solution of (2.5).
3.2. Time-Space Approximation Schemes
Let us divide any bounded convex set 0 € R™into simplices as follows. Let T;(j, =, 1 ...m)denote set
of simplices of R™such that = U:,nlej, T,NnT; =@, # i)and x;(i = 1, M)be nodes of T;. Let
k= m}ax{diamTj},
S ={t,,l,v,=01..N}, G ={x;,1,j,= 12 ..M},

where diamT;denotes the diameter of the set Tj. Consider the following problem:

: h
vi (s, %)) = infyey {hf(tv. X, w) + vy <tv+1, xi + hf (0,20, + 5 f (65,3, u)u))}

vE(T,x;) = g(x;), i=1,M.

Fix any u € Uand suppose that X € Q. The linear convex combination

(3.11)

M
h .
X + hf (tv,Xi, +7f(tw xi'u)u) = Zﬂ'{ xj

Jj=1
M
YA=r0sa<1
j=1

is unique in each simplex. Now, for (t,, x;) € S X G, define a continuous piecewise linear function vy €
C([0,T] x Q)as follows.

Mo
x; + hf (tv,xi, +%f(tv, xl-,u)u) = A X;, i=1,M,y=0N-1
j=1
M . .
A=10<2<1
) j=1 (3.12)
k i Mok
Un (thi) = MiNyey {hf(thilu) + Z 1Ai Up (t17+1J xj)}
]:
v (T, %) = g(xy), i=1,M.

We define this function v} as the solution of (3.11).

Lemma 3.6. Suppose that the assumptions (A1)-(A4) hold. Let v,be a value function of time-discretized
problem and vi (t, x)be a solution of (3.11). Then for any (tj, x) € S x (we have

_ _ (k -
3C, > 0,1 v (¢, x) —va(t5,x) 1S G, (E+ k),j =0,N. (3.13)

Proof. For any (tj,x) €S xQ, suppose that x lies in some simplex T, . If we denote I, =
{i,,x;, € T,i =12 ... M}, we have

x=zl1ixi,||x—xi < k,iEIx,Z/L-= 1

i€l i€ly
Then, it holds that
k _ k
vh (t, Dier, i %) = Z EAGED)
i€ly
so we have

| vf (g, x) — va(tj, x) I< Z A vk (%) — vn (8, x) | +Z A Lon (8, 2) = va (8, %) .

= & (3.14)
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Then, it follows from Lemma 3.4 that
ACx > 0,1 vu(t5,x;) — vp(tj,x) IS Cg Il x — x; 1< Crk,j = ON. (3.15)
Because it holds
| vk (T, %) — vy (T, x) I< Z/li lg(x) —g(x) IS Ly(R) Il x; — x I= Ly (R)K,
i€l

it follows from (3.14) and (3.15) that

| vF (g, x) — va(tj, x) 1< Z A vk (L, %) —vn (6, %) | +Z A Lo (8, x) = va(tj, x) |

i€l €]y
< Zﬂ.l | v,’f(tj,xi) - vh(tj,xl-) [ +ERk =
€Ly

=(7Rk+z/1i{

i€ly

. h
_mlzn |:h‘£(t}, X, u) + Vp <tj+1,xi + hf (t], Xi, + ?f(t]' Xi) u)“-)):”} <

< Crk + max | vk (tj+1,xi + hf(tj, (x + f),/Zu)) — vy (tj+1,x,- + hf(t-, (xi,f),/Zu)) <

_ . B _
< Cpk + max. LR (g1, Xig1) = Va(tisn, Bigq) IS
i+1

_ X _ _
< 2Cgk + Jnax | Uk (420 Kivz) = Vn (s Fivz) IS
i+2

. h
min [h{’(tj, x,u) + vf (th, x; + hf (tj, X; +7f(tj,xi,u)u))] -

<(N —])ERk + max _ | U;f(T, fi+N—j) - ‘Uh(T, fi+N—j) <
Xi+N-jEQ

) k ok
< (N =)ok + Ly (R < TCr 7+ LRk < G, <E + k),

where C, = max{T, CzL,(R)}.

Theorem 3.7. Suppose that the assumptions (A1)-(A4) hold. Let v(t, x)be the value function of optimal
control problem (2.1) and let K = O(h'*?), 0 <y < 1. Then

}lintl)v’,f = v uniformly on [0, T] X Q.

Proof. For any (t,x) € [0,T] X Q, we obtain t € [t,_q,t,], v € 1,N. Then it follows from Theorem 3.5
and Lemma 3.6 that

| vE(t,, x) — v(t,x) 1< vE(t,, x) — vp(t, X) | +1 v (ty, ) — v (£, %) | +] vy (ty,, x) — v(E,x) I<
_ (k _
<G, (E + k) + Crh+1 v, (t,x) — v(t, x) | (3.16)

Now, by taking k = O(h**Y), from (3.16) and Theorem 3.5 we have

| vE(t,x) —v(t,x) |- 0, (h - 0).
It follows from Theorem 3.7 that even if the boundedness condition for functions involved in control
system and cost functional is replaced with the growth condition, the solution v of time-space discretized

HIB equation (3.11) converges uniformly to the viscosity solution of the HJB equation (2.5)
in[0,T] x Qas h — 0.

4. CONVERGENCE OF APPROXIMATE SCHEME OF OPTIMAL FEEDBACK CONTROL
Now, for any (t,x) € [0,T) X Qwe define u¥(t, x) as
uk(t,x) = arg min {hf(t, x,u) + vf <t, +hx + hf (t, x, + %f(t, X, u)u))}. 4.1)
u

Then, let sequences {u;‘l j} = {u’,ﬁ(tj, yj)}and {yj}satisfy the following equations.
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h .
Yi+1 = Yj T+ hf (tjvyj'+§f(tj'yj'u£(tj'yj)) u’ﬁ(tj'yj)) j=0,..N-1

3’0 = x, X E RTL. (42)
Define
N-1
(t,x, {uk ) = Z he(t;,y;uk ;) + gOm). (4.3)
=0

and define the feedback control by
up(t) = uf ;, T € [t t541),j =0,N -1 4.4

Lemma 4.1. Let {u’ﬁ}be defined by (4.1) and (4.2), and u¥(-)be the feedback control defined by (4.4).
Then for any (t,x) € [0,T] X Q, we have

3G, > 0,17 (tx,uk()) = JE (6,2, (uf}) 1= G (4.5)
Proof Fix any t€[0,T] and let x€QcB(O,R) . It follows from (3.6) that the
trajectory {yj}corresponding to the control sequence {u,’i}deﬁned by (4.1) and (4.2) satisfies

Iy 1< e*T(A+1 x I),j = 1,N.
Thus, for R = e?‘T(1 + R), we obtain
y; € B(O,R),j = O/N.

For any (t,x) € [0,T] X Qwe have

17 (6, uk ) = k(6 ) 1=

T N-1
< |[ (e, @ui@)dr+ grm) = Y helGuk,) 90| <
t i=0
N-1 tjsa J
< f 1£(zy, @uE@) = £(t, v uk ;) | dr+ g(y(T)) — gw) 1<
j=0
N-1 tise
< j Le(R)(I =t | +1l y(@) = y; )dt + Lg(R) 1 y(T) — yy IS
j=0 i
N-1 tjse
< L,(R)(T -t + J LRIt =t 1 +lly(®) — y; )dt + LeR) Il y(T) =y |
1o b (4.6)

and

y(s) = )’(tj) +J f (T:Y: (r)u’,ﬁ(‘[)) dr,s € [tj'tj+1)'
‘s

J
h . ~
Yi+1 =Y + hf (tj,yj. +7f(t-.yj,u,’§‘j)u;‘l_j),] =0,N—1.
h , ~
Now, let z(s) = yi + ;f(tj,yj,ui‘l‘j), S E [tj,tj+1),] = 0,N — 1. Then, we have

1y(t) =y 1< y(tioe) = yjoa I+

L']' h
+f Hf(zy, (Duk ;) = f (tj—li Yj-1 +jf(tj—uyj—vuﬁ.j—l)“ﬁ.j—l) Ihdr <
t

j-1

_ l’j —
<Uy(tj-1) =y N +LR) | (It =tig |+l y(@ = 2(0) )dz,j = 1L, N.

tj—l
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Then, fors € [tj,tj+1),j =0,N — 1, we have
h
1) = 265) = |y®) = 3 = 5 £(63315)]| <1y = yy00 1 4Mph <

S
<l y(t;) —y; I + f I f(z,y, @uk;) = f(t, 2 @ug ;) 1| dT + 2Mph <
tj

<ly(g) =y 1 +L;(R) | (17—t |+l y() — z(x) )dt + 2Msh <

<lly(t;) —y; 1 +L;(R)h(s — ;) + Lf(R)f Il y(z) —z(7) Il dt + 2Mph <

S
<N y(tjoy) = ¥joa N +LROR(s — ;1) + LR | Ily() —2z(0) Il dt + 2M;h <
tj—q
<o <

Le(R)h(s = t) + Ls(R) ftslly(r) —z(7) Il dt + 2M;h,
where My = MaX ¢ x 11)e[0,T|xaxu Il £(t,x,u) |l. Thus, from Gronwall-inequality, we obtain
Il y(s) — z(s) 1< (Lp(R)T + 2M; )he™® = Cphys € [t 4], =N =1,  (4.7)
Iy(s) = z(s) I y(s) = yy—1 I +1l yy—1 — Y IS Crh + Meh = (Cg + My )h,
where Cg = (Ly(R)T + 2M;)e™r® . Also, for s € [ty_y, ty]we have

Il y(s) = yw ISH y(s) = Yn—1 | +ll yy_1 = yn IS Crh + M¢h = (Cr + My)h,

and it follows from (4.6) that
4.6)

i (t, X, u,’f(-)) —JE (6 x, (uk)) 1<
N=Tjhq
Ly(R)(T — O)h + f Lo (R) 1 y(2) = y; Il dt + Ly (R) 1l y(T) — y 1<
j=0 Y
< (TLg(ﬁ) +TLy(R)Cg + Ly(R)(Cq + Mf)) h = Csh,
where C3 = TLy + TL,Cr + Ly (R)(Cr + My).

Lemma 4.2. Let {u,’f}be the control sequence defined by (4.1) and (4.2). Then, for any (t,x) € [0,T] X £,
we have

_ _k
3C, > 0,1 JK(t,x, {uf}) —vn(t,x) 1< €, e (4.8)

Proof. For any (t,x) € [0,T] X Qwe obtain
N-1

vy (t,x) < Ju(t 2, {uf ;}) = z he(t;, yjuh ;) + gw)-
j=0
Now, we introduce the following notations

h
ph(t‘,yj,u) = {h{’(t-,yj, u) + v, (tj+1,y]~ + hf (tj, Vi +§f(tl,y]~, u)u))},

pr(t,yj,u) = {h{’(t', yj,u) + vf <t]~+1,y]~ + hf (tj, Vi, +%f(t-,y]~, u)u))}
From
pi (4, v uk ;) = minpp (8, y;, 1), v (e, y0) = 9O,
it follows that
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N-1
0< ]llf(t' X, {ui’i]}) —vp(t,x) = Z h{)(t'» Yj'u}ri,j) +gn) —vp(t,x) =
j=0
N-1

= > 1k (k) = v (G yen)] + 9Ow) -

-
o

N-1
- [Uh(t',}’j) - vh(tj+1'yj+1)] —vp(ty, yn) =
7=0
N-1
= Z [Vr(tie0 Yie1) = Vi (G4 Vjer) + (P’rf(tj:yj',u’ﬁ,j) - Uh(tjﬂyj))]-
=0

Now, if we assume that
on(6,3;) = Pu(6,3j,0n,5) = minpa (635, w),
we have

0 < Ju(tx {uf;}) —va(t,x) =
N-1

= Z[Vh(tj+1'yj+1) - V’rf(tj+1r}’j+1) + (P’rf(t':yjuuﬁ,j) - ph(t'rijuh,j))]-
=0

Then, it follows that

pr (i ;) = (5, v tn ) < 0
and

Ph(f'r}’j'ulii.j) = pn(t),yj,uns) 2 0.
By Lemma 3.6 we have

0 < Ju(t,x, {uf ;}) — va(t, %) <

=

-1

< ) [n(ten Y1) = VK (Gan ven) + (PE (.54 ) = (6, 750,)) ] =

-
I}
o

=
[N

= [vh(tj+1ij+1) - Ur’f(tj+1,yj'+1) + (Urlf(tj+1»)_’j+1) - Uh(tj+1:)_’j+1))] <

—.
o

_ k _ Kk _ k
<2G,N (E + k) =20TA+h) 35 < Gy

where }_/]'+1 = y] + hf (t],yj, +§f(t,y], uh‘j)uh‘j).

Theorem 4.3. Suppose that the assumptions (A1)-(A4) hold. Let v(t,x)be a value function of (2.1)
and uf (-)be the feedback control (4.4). Then for any (t,x) € [0,T] X 2we have

. k(. _

lim/ (£, x,uf()) = v(t, %)
when'k = O(h?%Y), 0 <y < 1.
Proof. For any (t,x) € [0,T] X Qwe have

17 (62 ukO) = v 1<
<|J (t,x,u’,ﬁ(-)) —JE(tx {uf D) L+ (6 x {uf}) — va (6, %) | +1 v (8, %) — v(t, %) |
It follows from Lemma 4.1 and Lemma 4.2 that
_ _k
| J (t, X, u’,ﬁ(-)) —v(t,x) IS C3h+ C4ﬁ+| v (t,x) —v(t,x) I

Thus, from Theorem 3.5, we complete the proof by setting k = 0(h**7),0 <y < 1.

165



NEXUS

k PRESS

Journal of Decision Science and Optimization (JDSO)

5. APPROXIMATION ALGORITHM

5.1. The Algorithm

Based on the full discretization scheme (3.11) and convex linear combination scheme (3.12), we
present the algorithm as follows.

5.1.1. Algorithm for Computing Viscosity Solutions

Step 1: Define time-division point set S = {tj, [,j,=01 N} and space-division point set G =
{x;,1,i,= 12 ..M} with h=£e (0,1) and ¢t; = jh(j,=,0,1..N) . Let UN=(UV,..,U}) =
(9’ (1), ---g(xM))~

Step 2: j=N

Step 3: Compute Uij_lof Ui-t = (Ulj_l, ...,Uij_l)as follows.

Step 3.1: Discretize the control domain Uby Uy = {u,,:,n = 12 ... }with a given control-space mesh
d>0.

Step 3.2: For a fixed every u € Uy, compute A¥

ij—1 (u)satisfying the following:

M
1
x; + hf (tj_l,xi, +§hf(tj_1,xi,u)u) = z A1 Wy
=1

Step 3.3: Find

M
u(tjog,x;) = arg min {h{’(tj_l,xi,u) + Z Afiq (u)U,{},
a k=1
and put

M
U/t = he (b xw (6o, 3) ) + Z A (w0 (-1 %0) ) U
k=1

Step 4: If 0 < j, putitto j = j — land go to the step 3, otherwise stop.
5.1.2. Algorithm for Determining the Optimal Feedback Control and the Optimal Trajectory
Step 1: Sety, = x
Step 2: Compute u*(t-, y]-)and Yj+1as follows:
Find the space division point x;, € Gclose to y;and then set
u*(t-,y]-) = u*(t]-,xk).
Determine y;,4 by

1 * *
Yji+1 =y thf (fj'yj'+7hf (tj'yi'u (t"yj))u (t"y]'))-
Step 3: Ifj < N, putj = j + land go to the step 2, otherwise stop.

5.2. Numerical Experiments

Example 5.1. (/20, 21]) We apply the algorithm of Subsection 5.1 to solve the following optimal control
problem

y(®) =2(1—y(®))u(®), t€(0,1]
y(0) =z
u(t) € U = [0,1] (5.1)

J(u®) = f 11—y@®) | (1+t)2u®)?dt +211—y(1) |- min,

where z € R is a given initial value.

I fExwI=21A-xul<21-x|<2(1+ x 1),
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|2t x,w) =l 1—x | (1+t)2u?<411—x1<4+1x ),
lgx)1=211—x1<2(1+lx 1)
and then for C = 4, the linear growth condition holds.
The HJB equation corresponding to (5.1) is
{—vs(x, s) + supyep{—D,v(x,s) - 2(1 —x)u—| 1 —x | (1 +5)*u?} =0, (5.2)
vix,1)=211—x1I.

Therefore, v(x,s) =| 1 —x | (1 + s)is a viscosity solution of (5.2) and the optimal trajectory is y(t) =
1when x = 1. By (5.2), the optimal control is

wis) = 1+s
when x # land the optimal trajectory is
. t?+2t+2z
v = a+o0?

The space mesh size must satisfy k = Ch?*Y,0 < y < 1, where Cis arbitrarily given constant. We
have chosen the same time step h = 0.01and space step k = 0.005as the previous work [20] for
comparison. The following figures show the value function and optimal feedback control, respectively
(Figure 1).

Numerical Viscosi!‘y Solution Optimal feedback control

05

Figure 1. Numerical viscosity solution and optimal feedback control

Figures 2 and 3 show the numerical solutions of the optimal feedback control and trajectory with
the initial state z = 0.3and z = 0.65, respectively.

Tables 1 and 2 show the maximum norm errors between the analytical solutions and the numerical
solutions obtained by the Euler scheme and the new scheme with h = 0.01, respectively.

Table 1. The maximum norm errors between the numerical solutions and analytical solutions
for u*and y*when z = 0.3

Scheme Control u* Trajectory y*
Euler scheme le-2 3.9¢-3
New scheme le-2 1.1e-3
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Figure 2. Numerical solutions of optimal control and trajectory when z = 0.3
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Figure 3. Numerical solutions of optimal control and trajectory when z = 0.65

Table 2. The maximum norm errors between the numerical solutions and analytical solutions
for u*and y*when z = 0.65

Scheme Control u* Trajectory y*
Euler scheme le-2 1.9¢-3
New scheme le-2 5.69¢-4

Table 3 shows the maximum norm error between the analytical solution and the numerical solution

obtained by the Euler scheme and new schemes at different time steps.

Table 3. The maximum norm errors between the numerical solutions and analytical solutions
for u*and y*with z = 0.65at different time steps.

Scheme h = 0.05 h =0.01 h = 0.005
Control u* | Trajectory y* | Control u* | Trajectory y* | Control u* | Trajectory y*
Euler 0.05 0.0104 0.01 1.9¢-3 0.005 9.92¢-4
scheme
New 0.05 0.0032 0.01 5.69¢-4 0.005 2.9e-4
scheme
Example 5.2. Consider the following finite time optimal control problem.
y(®) =2(1 - y*®)u(®),t € (0,1]
y(0) =z
u(t) €U =[0,1] (5.3)
1
J(u()) = f 11—y(®) | (1+ 6)%u(t)?dt +2(1 — y(1))” - min,,
0
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For (5.3), we have
[, xw) =211 —xDHul<2(1+] x I3)
[t xw)l=l1—x (1 +)*u?<4|1-xI<4(0+1x]) <
<41+ x D% =41+ x 2+ 2 | x ) < 8(1+] x I?)
lg) 1=21 (1 —=x)? 1< 2(1+l x 12)
Also, for f(t, x,u), we have
(f, (&, x, wx) = (2,1 —xPux) < 2x < (1+] x |2),

which implies that the assumption (A2) is satisfied and then for C = 8and p = 3, the growth-condition
is satisfied.

The viscosity solution of the HIB equation and the optimal feedback control for the time step h =
0.01and the space step k = 0.005are as follows (Figure 4).

Value Functi
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06
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0.8
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0.6 o
) 0.2

Space-axis 0 ; 0 Time-axis

Time-axis
Figure 4. Numerical viscosity solution and optimal feedback control function
In Figure 5, the numerical solution of the optimal feedback control and the optimal trajectory are
shown for the initial state z = 0.65.
Example 5.3. Consider the following finite time optimal control problem.
y1(0) =y, (0, 7.(0) =u(®), te(0,1]

¥1(0) = x1,5,(0) = x,
u(t) e U =1[0,1]

J(®) = y{ (1) +y3(1) > min,

The following figures show the value function and optimal feedback control for time-step h =
0.005 and space-step k = 0.001 (Figure 6).

(5.4)

Optimal Trajectory
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Figure 5. Numerical solution of optimal control and optimal trajectory for z = 0.65
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Figure 6. Numerical optimal feedback control and optimal trajectory
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Figure 7. Numerical optimal trajectory with initial point

6. CONCLUSION

We proved the comparison principle of viscosity solution by converting unbounded function into
bounded one through suitable transformation under the growth conditions for the control system and the
cost functional, and proved that the value function is the unique unbounded viscosity solution of the HIB
equation. The convergence of value function approximation scheme based on discrete time dynamic
programming is proved, and the optimal feedback control for the control systems is constructed based
on the approximations of the viscosity solution. The numerical results of the time-space discretization
algorithm by the Euler implicit scheme show the efficiency of our proposed method.
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    T > 0


   {      y .  ( 𝜏 ) = f  (  𝜏 ,  y ,   ( 𝜏 ) u  ( 𝜏 ) ) ,   t < 𝜏 ≤ T    y  ( t ) = x    u  ( 𝜏 ) ∈ U    J  (  t ,  x ,  u  ( ⋅ ) ) =   ∫  t  T ℓ  (  𝜏 ,  y ,   ( 𝜏 ) u  ( 𝜏 ) ) d 𝜏 + g  ( y  ( T ) ) →  min  u  ( ⋅ ) 


    u  ( ⋅ ) ∈ 𝒰 =  { u  ( ⋅ ) :  [ 0 ,  T ] → U ∣ u : measurable }


    f :  [ 0 ,  T ] ×   R  n × U →   R  n


  ∀ R > 0 ,   ∃   L  f  ( R ) > 0 ,   ∀ t , s ∈  [ 0 ,  T ] ,   ∀ x , y ∈   B -  ( 0 ,  R ) ,   ∀ u ∈ U ,


  ∥ f  (  t ,  x ,  u ) − f  (  s ,  y ,  u ) ∥ ≤   L  f  ( R )  ( ∣ t − s ∣ + ∥ x − y ∥ ) .


  ∥ f  (  t ,  x ,  u ) − f  (  s ,  y ,  u ) ∥ ≤   L  f  ( R )  ( ∣ t − s ∣ + ∥ x − y ∥ ) .


    f :  [ 0 ,  T ] ×   R  n × U →   R  n


  ∃ C > 0 ,   ∀ t ∈  [ 0 ,  T ] ,   ∀ x ∈   R  n ,   ∀ u ∈ U ,    (  f ,   (  t ,  x ,  u ) x ) ≤ C  ( 1 + ∥ x  ∥ 2 ) .


    f :  [ 0 ,  T ] ×   R  n × U →   R  n


  ∀ t ∈  [ 0 ,  T ] ,   ∀ x ∈   R  n ,   ∀ u ∈ U ,   ∥ f  (  t ,  x ,  u ) ∥ ≤ C  ( 1 + ∥ x  ∥  p ) ,


    p ≥ 1


    ∥ ⋅ ∥


      R  n


    ℓ :  [ 0 ,  T ] ×   R  n × U → R


    g :   R  n → R


  ∀ R > 0 ,   ∃   L ℓ  ( R ) > 0 ,   ∀ t , s ∈  [ 0 ,  T ] ,   ∀ x , y ∈   B -  ( 0 ,  R ) ,   ∀ u ∈ U ,


  ∣ ℓ  (  t ,  x ,  u ) − ℓ  (  t ,  y ,  u ) ∣ ≤   L ℓ  ( R )  ( ∣ t − s ∣ + ∥ x − y ∥ ) ,


  ∣ ℓ  (  t ,  x ,  u ) − ℓ  (  t ,  y ,  u ) ∣ ≤   L ℓ  ( R )  ( ∣ t − s ∣ + ∥ x − y ∥ ) ,


  ∀ R > 0 ,   ∃   L  g  ( R ) > 0 ,   ∀ x , y ∈   B -  ( 0 ,  R ) ,   ∀ u ∈ U ,


  ∀ R > 0 ,   ∃   L  g  ( R ) > 0 ,   ∀ x , y ∈   B -  ( 0 ,  R ) ,   ∀ u ∈ U ,


  ∣ g  ( x ) − g  ( y ) ∣ ≤   L  g  ( R ) ∥ x − y ∥ ,


  ∣ g  ( x ) − g  ( y ) ∣ ≤   L  g  ( R ) ∥ x − y ∥ ,


  ∃ C > 0 ,   ∀ t ∈  [ 0 ,  T ] ,   ∀ x ∈   R  n ,   ∀ u ∈ U ,   ∣ ℓ  (  t ,  x ,  u ) ∣ ≤ C  ( 1 + ∥ x  ∥ 2 ) ,


  ∃ C > 0 ,   ∀ t ∈  [ 0 ,  T ] ,   ∀ x ∈   R  n ,   ∀ u ∈ U ,   ∣ ℓ  (  t ,  x ,  u ) ∣ ≤ C  ( 1 + ∥ x  ∥ 2 ) ,


  ∃ C > 0 ,   ∀ x ∈   R  n ,   ∣ g  ( x ) ∣ ≤ C  ( 1 + ∥ x  ∥ 2 ) .


  ∃ C > 0 ,   ∀ x ∈   R  n ,   ∣ g  ( x ) ∣ ≤ C  ( 1 + ∥ x  ∥ 2 ) .


  v  (  t ,  x ) =  inf  u ∈ 𝒰 J  (  t ,  x ,  u ) .


    v  (  t ,  x )


  ∃   C 1 > 0 ,   ∀ t ∈  [ 0 ,  T ] ,   ∀ x ∈   R  n ,   ∣ v  (  t ,  x ) ∣ ≤   C 1  ( 1 + ∥ x  ∥ 2 ) .


    u  ( ⋅ ) ∈ 𝒰


  ∣ v  (  t ,  x ) ∣ ≤   ∫  t  T ∣ ℓ  (  𝜏 ,  y ,   ( 𝜏 ) u  ( 𝜏 ) ) ∣ d 𝜏 + ∣ g  ( y  ( T ) ) ∣ ≤


    ∫  t  T  C  ( 1 + ∥ y  ( 𝜏 )  ∥ 2 ) d 𝜏 + C  ( 1 + ∥ y  ( T )  ∥ 2 ) .  


    ∫  t  T  C  ( 1 + ∥ y  ( 𝜏 )  ∥ 2 ) d 𝜏 + C  ( 1 + ∥ y  ( T )  ∥ 2 ) .  


   (    y . ,   ( 𝜏 ) y  ( 𝜏 ) ) =  (  f ,   (  𝜏 ,  y ,   ( 𝜏 ) u  ( 𝜏 ) ) y  ( 𝜏 ) ) ,   t < 𝜏 ≤ T .


   1 2   d  d 𝜏 ∥ y  ( 𝜏 )  ∥ 2 =  (  f ,   (  𝜏 ,  y ,   ( 𝜏 ) u  ( 𝜏 ) ) y  ( 𝜏 ) ) ≤ C  ( 1 + ∥ y  ( 𝜏 )  ∥ 2 ) ,   t < 𝜏 ≤ T .


   1 2 ∥ y  ( 𝜏 )  ∥ 2 ≤  1 2 ∥ x  ∥ 2 +   ∫  t  𝜏  C  ( 1 + ∥ y  ( s )  ∥ 2 ) d s


  ∥ y  ( 𝜏 )  ∥ 2 ≤  ( ∥ x  ∥ 2 + C  ( 𝜏 − t ) )   e  C  ( 𝜏 − t ) ≤  ( ∥ x  ∥ 2 + 2 C T )   e  2 C T ,   𝜏 ∈  (  t ,  T ] .


  ∣ v  (  t ,  x ) ∣ ≤   ∫  t  T  C  ( 1 +  ( ∥ x  ∥ 2 + 2 C T )   e  2 C T ) d 𝜏 + C  ( 1 +  ( ∥ x  ∥ 2 + 2 C T )   e  2 C T )


  ≤ C  ( 1 + T )  ( 1 +  ( ∥ x  ∥ 2 + 2 C T )   e  2 C T ) ≤   C 1  ( 1 + ∥ x  ∥ 2 ) .    ( 2 . 4 )


  ≤ C  ( 1 + T )  ( 1 +  ( ∥ x  ∥ 2 + 2 C T )   e  2 C T ) ≤   C 1  ( 1 + ∥ x  ∥ 2 ) .    ( 2 . 4 )


    v  (  t ,  x )


    𝛼 > 0


    t ∈  [ 0 ,  T ]


     lim  ∥ x ∥ → ∞ v  (  t ,  x )   e  − 𝛼 𝜉  ( x ) = 0


    𝜉  ( x ) =    ( 1 + ∥ x  ∥ 2 )   1 2


    t ∈  [ 0 ,  T ]


    𝛼 > 0


    E  (  [ 0 ,  T ] ×  R  n )


    u


     lim  ∥ x ∥ → ∞ u  (  t ,  x )   e  − 𝛼 𝜉  ( x ) = 0


    u


    u ∗  (  t ,  x ) =  lim  r → 0 sup ⁡  {  u ,   (  s ,  y ) ,  :  (  s ,  y ) ∈  [ 0 ,  T ] ×   R  n ∣ t − s ∣ ≤ r ∥ x − y ∥ ≤ r }


    u ∗  (  t ,  x ) =  lim  r → 0 inf ⁡  {  u ,   (  s ,  y ) ,  :  (  s ,  y ) ∈  [ 0 ,  T ] ×   R  n ∣ t − s ∣ ≤ r ∥ x − y ∥ ≤ r } .


    u =   u ∗


    u


    u =   u ∗


    u


    u


    𝜓 ∈   C 1  (   R  n + 1 ) u


     (  t ,  x ) ∈  ( 0 ,  T ) ×   R  n


      u ∗ − 𝜓


      u ∗ − 𝜓


  −   𝜕 𝜓  (  t ,  x )  𝜕 t + H  (  t ,  x ,    D  x 𝜓  (  t ,  x ) ) ≥ 0 .


   ( −   𝜕 𝜓  (  t ,  x )  𝜕 t + H  (  t ,  x ,    D  x 𝜓  (  t ,  x ) ) ≤ 0 . )


   ( −   𝜕 𝜓  (  t ,  x )  𝜕 t + H  (  t ,  x ,    D  x 𝜓  (  t ,  x ) ) ≤ 0 . )


    u


  −   𝜕 u  (  t ,  x )  𝜕 t + H  (  t ,  x ,    D  x u  (  t ,  x ) ) = 0 .


    u


    u


    u


    u ∗  (  T ,  x ) ≥   g ∗  ( x )    (   u ∗  (  T ,  x ) ≤   g ∗  ( x ) ) ,


    u


  u  (  T ,  x ) = g  ( x ) .  


    u  


    u


    v  (  t ,  x )


  H  (  t ,  x ,    D  x u  (  t ,  x ) ) =  sup  u ∈ U  { − f  (  t ,  x ,  u ) ⋅   D  x u  (  t ,  x ) − ℓ  (  t ,  x ,  u ) } .


      v 1 ∈ E  (  [ 0 ,  T ] ×   R  n )


      v 2 ∈ E  (  [ 0 ,  T ] ×   R  n )


    v 1  (  T ,  x ) ≤   v 2  (  T ,  x ) ,   x ∈   R  n ,


    v 1  (  t ,  x ) ≤   v 2  (  t ,  x ) ,    (  t ,  x ) ∈  [ 0 ,  T ] ×   R  n .


    𝛼 > 0


      u 1


      u 2


    u 1  (  t ,  x ) =   v 1  (  t ,  x )   e  − 𝛼 𝜉  ( x )   and     u 2  (  t ,  x ) =   v 2  (  t ,  x )   e  − 𝛼 𝜉  ( x ) ,


      v 1


      v 2 ∈ E  (  [ 0 ,  T ] ×   R  n )


      u 1


      u 2


      u 2


  −   𝜕 u  (  t ,  x )  𝜕 t +   H -  (  t ,  x ,    D  x u  (  t ,  x ) ) = 0 ,  


    H -  (  t ,  x ,    D  x u  (  t ,  x ) ) =  sup  u ∈ U  { − f  (  t ,  x ,  u ) ⋅  ( 𝛼 u  (  t ,  x ) D 𝜉  ( x ) +   D  x u  (  t ,  x ) ) −   e  − 𝛼 𝜉  ( x ) ℓ  (  t ,  x ,  u ) } .


    𝜓 ∈   C 1  (   R  n + 1 )


     (  s ,  z )


      u 2  (  t ,  x ) − 𝜓  (  t ,  x )


    r > 0


     (  t ,  x ) ∈ B  (   (  s ,  z ) ,  r ) ∩  ( 0 ,  T ) ×   R  n


    u 2  (  t ,  x ) − 𝜓  (  t ,  x ) ≥   u 2  (  s ,  z ) − 𝜓  (  s ,  z ) .


    u 2  (  t ,  x ) − 𝜙  (  t ,  x ) ≥   u 2  (  s ,  z ) − 𝜙  (  s ,  z ) = 0 .


    u 2  (  t ,  x ) − 𝜙  (  t ,  x ) ≥   u 2  (  s ,  z ) − 𝜙  (  s ,  z ) = 0 .


    e  𝛼 𝜉  ( x )  (   u 2  (  t ,  x ) − 𝜙  (  t ,  x ) ) ≥   e  𝛼 𝜉  ( z )  (   u 2  (  s ,  z ) − 𝜙  (  s ,  z ) ) = 0 ,


     (  t ,  x ) ∈ B  (   (  s ,  z ) ,  r ) ∩  ( 0 ,  T ) ×   R  n


    v 2  (  t ,  x ) −   e  𝛼 𝜉  ( x ) 𝜙  (  t ,  x ) ≥   v 2  (  s ,  z ) −   e  𝛼 𝜉  ( z ) 𝜙  (  s ,  z ) = 0 .


    Φ  (  t ,  x ) =   e  𝛼 𝜉  ( x ) 𝜙  (  t ,  x )


     (  s ,  z )


      v 2 − Φ


      v 2  (  t ,  x )


  −   𝜕 Φ  (  s ,  z )  𝜕 t +  sup  u ∈ U  { − f  (  s ,  z ,  u ) ⋅   D  z Φ  (  s ,  z ) − ℓ  (  s ,  z ,  u ) } =


  = −   e  𝛼 𝜉  ( z )   𝜕 𝜙  (  s ,  z )  𝜕 t +  sup  u ∈ U  { − f  (  s ,  z ,  u ) ⋅  ( 𝛼 D 𝜉  ( z )   e  𝛼 𝜉  ( z ) 𝜙  (  s ,  z ) +   e  𝛼 𝜉  ( z )   D  x 𝜙  (  s ,  z ) ) − ℓ  (  s ,  z ,  u ) } ≥ 0 ,


  = −   e  𝛼 𝜉  ( z )   𝜕 𝜙  (  s ,  z )  𝜕 t +  sup  u ∈ U  { − f  (  s ,  z ,  u ) ⋅  ( 𝛼 D 𝜉  ( z )   e  𝛼 𝜉  ( z ) 𝜙  (  s ,  z ) +   e  𝛼 𝜉  ( z )   D  x 𝜙  (  s ,  z ) ) − ℓ  (  s ,  z ,  u ) } ≥ 0 ,


  −   𝜕 𝜙  (  s ,  z )  𝜕 t +  sup  u ∈ U  { − f  (  s ,  z ,  u ) ⋅  ( 𝛼 D 𝜉  ( z ) 𝜙  (  s ,  z ) +   D  z 𝜙  (  s ,  z ) ) −   e  − 𝛼 𝜉  ( z ) ℓ  (  s ,  z ,  u ) } ≥ 0 ,


      u 2  (  t ,  x )


      v 1  (  t ,  x )


      u 1  (  t ,  x ) =   v 1  (  t ,  x )   e  − 𝛼 𝜉  ( x )


    𝛼 > 0


      u 1  (  t ,  x ) ≤   u 2  (  t ,  x )


     (  t ,  x ) ∈  [ 0 ,  T ] ×   R  n


    𝛼 > 0


     (    t - ,    x - ) ∈  [ 0 ,  T ] ×   R  n


    u 1  (    t - ,    x - ) −   u 2  (    t - ,    x - ) = 𝛿 > 0 .


    𝜖 > 0


   Φ  𝜖  (  t ,  s ,  x ,  y ) =   u 1  (  t ,  x ) −   u 2  (  s ,  y ) −   ∥ x − y  ∥ 2 + ∣ t − s  ∣ 2  2 𝜖 − 𝛽  (    ⟨ x ⟩  m +    ⟨ y ⟩  m ) − 𝛾  (  1  t +  1  s ) − 𝜂  ( 2 T − t − s ) ,


    𝛽 , m , 𝛾 , 𝜂 > 0


     ⟨ x ⟩ =    ( 1 + ∥ x  ∥ 2 )   1 2


     Φ  𝜖


    ∥ x ∥


    ∥ y ∥


     Φ  𝜖 ≤ 0


     Φ  𝜖


   sup     [ 0 ,  T ] 2 ×   R  n ×   R  n  Φ  𝜖  (  t ,  s ,  x ,  y ) =  Φ  𝜖  (    t  𝜖 ,    s  𝜖 ,    x  𝜖 ,    y  𝜖 ) .


      m 0 ,   𝛽 0 ,   𝛾 0 ,   𝜂 0 > 0


  ∀ m ≤   m 0 ,   ∀ 𝛽 ≤   𝛽 0 ,   ∀ 𝛾 ≤   𝛾 0 ,   ∀ 𝜂 ≤   𝜂 0 ,   2 𝛽    ⟨   x - ⟩  m − 2 𝛾  1    t - − 2 𝜂  ( T −   t - ) ≤   𝛿 2 ,


    𝛿 2 ≤ 𝛿 − 2 𝛽    ⟨   x - ⟩  m − 2 𝛾  1    t - − 2 𝜂  ( T −   t - ) =  Φ  𝜖  (    t - ,    t - ,    x - ,    x - ) ≤  Φ  𝜖  (    t  𝜖 ,    s  𝜖 ,    x  𝜖 ,    y  𝜖 ) .


    ∣   t  𝜖 −   s  𝜖  ∣ 2 + ∥   x  𝜖 −   y  𝜖  ∥ 2  2 𝜖 ≤   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) .


      u 1


      u 2


  ∣   t  𝜖 −   s  𝜖 ∣ → 0 ,   ∥   x  𝜖 −   y  𝜖 ∥ → 0    ( 𝜖 → 0 ) .


    m ≤   m 0


    𝛽 ≤   𝛽 0


  𝛽  (    ⟨   x  𝜖 ⟩  m +    ⟨   y  𝜖 ⟩  m ) ≤ ∥   u 1  ∥ ∞ + ∥   u 2  ∥ ∞ = L ,


      x  𝜖 ,   y  𝜖 ∈   B -  ( 0 ,     ( L / 𝛽 )   1  m )


  𝛾  (  1    t  𝜖 +  1    s  𝜖 ) ≤ L ,


      𝛾 1 = min ⁡  {    𝛾 0 ,  L T }


    𝛾 ≤   𝛾 1


      t  𝜖 ,   s  𝜖 ∈  [  𝛾 ,  / L T ]


     (    t  𝜖 ,    x  𝜖 ) ,  (    s  𝜖 ,    y  𝜖 ) ∈ K : =  [  𝛾 ,  / L T ] ×   B -  ( 0 ,     ( L /   𝛽 0 )   1    m 0 )


  s : =  sup   [ 0 ,  T ] × K  {  (   u 1 −   u 2 )  (  t ,  x ) − 2 𝛽    ⟨ x ⟩  m − 2 𝜂  ( T − t ) −   2 𝛾  t } .


  s ≤  Φ  𝜖  (    t  𝜖 ,    s  𝜖 ,    x  𝜖 ,    y  𝜖 ) ≤   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) − 𝛽  (    ⟨   x  𝜖 ⟩  m +    ⟨   y  𝜖 ⟩  m ) −


  𝛾  (  1    t  𝜖 +  1    s  𝜖 ) − 𝜂  ( 2 T −   t  𝜖 −   s  𝜖 ) = s  ( 𝜖 )


  𝛾  (  1    t  𝜖 +  1    s  𝜖 ) − 𝜂  ( 2 T −   t  𝜖 −   s  𝜖 ) = s  ( 𝜖 )


    s  ( 𝜖 ) → s


    𝜖 → 0


      t  𝜖 →   t ∗ ,   s  𝜖 →   t ∗ ,   x  𝜖 →   x ∗ ,   y  𝜖 →   x ∗


    𝜖 → 0


    K


    s  ( 𝜖 )


    lim   sup  𝜖 → 0 s  ( 𝜖 ) =   u 1  (    t ∗ ,    x ∗ ) −   u 2  (    t ∗ ,    x ∗ ) − 2 𝛽    ⟨   x ∗ ⟩  m − 2 𝜂  ( T −   t ∗ ) − 2 𝛾  1    t ∗ ≤ s .


    𝜖 → 0


    ∥   x  𝜖 −   y  𝜖  ∥ 2  2 𝜖 → 0 ,     ∣   t  𝜖 −   s  𝜖  ∣ 2  2 𝜖 → 0 .  


      t  𝜖 = T


      t ∗ = T  


    lim   sup  𝜖 → 0  Φ  𝜖  (    t  𝜖 ,    s  𝜖 ,    x  𝜖 ,    y  𝜖 ) ≤   lim   sup  𝜖 → 0  (   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) ) =


  =   u 1  (    t ∗ ,    x ∗ ) −   u 2  (    t ∗ ,    x ∗ ) =   u 1  (  T ,    x ∗ ) −   u 2  (  T ,    x ∗ ) ≤ 0 ,


  =   u 1  (    t ∗ ,    x ∗ ) −   u 2  (    t ∗ ,    x ∗ ) =   u 1  (  T ,    x ∗ ) −   u 2  (  T ,    x ∗ ) ≤ 0 ,


      lim   sup  𝜖 → 0  Φ  𝜖  (    t  𝜖 ,    s  𝜖 ,    x  𝜖 ,    y  𝜖 ) > 0


      s  𝜖 = T


     (    t  𝜖 ,    x  𝜖 ) ,  (    s  𝜖 ,    y  𝜖 ) ∈  ( 0 ,  T ) ×   R  n


  𝜙  (  t ,  x ) =   u 2  (    s  𝜖 ,    y  𝜖 ) +   ∥ x −   y  𝜖  ∥ 2 + ∣ t −   s  𝜖  ∣ 2  2 𝜖 + 𝛽  (    ⟨ x ⟩  m +    ⟨   y  𝜖 ⟩  m ) +


  𝛾  (  1  t +  1    s  𝜖 ) + 𝜂  ( 2 T − t −   s  𝜖 )


  𝛾  (  1  t +  1    s  𝜖 ) + 𝜂  ( 2 T − t −   s  𝜖 )


  𝜓  (  s ,  y ) =   u 1  (    t  𝜖 ,    x  𝜖 ) −   ∥   x  𝜖 − y  ∥ 2 + ∣   t  𝜖 − s  ∣ 2  2 𝜖 − 𝛽  (    ⟨   x  𝜖 ⟩  m +    ⟨ y ⟩  m ) −


  𝛾  (  1    t  𝜖 +  1  s ) − 𝜂  ( 2 T −   t  𝜖 − s ) .


  𝛾  (  1    t  𝜖 +  1  s ) − 𝜂  ( 2 T −   t  𝜖 − s ) .


      u 1 − 𝜑


     (    t  𝜖 ,    x  𝜖 )


      u 2 − 𝜓


     (    s  𝜖 ,    y  𝜖 )


  −   𝜕 𝜑  (    t  𝜖 ,    x  𝜖 )  𝜕 t +   H -  (    t  𝜖 ,    x  𝜖 ,    D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) ) ≤ 0


     (    t  𝜖 ,    x  𝜖 )


  −   𝜕 𝜓  (    s  𝜖 ,    y  𝜖 )  𝜕 s +   H -  (    s  𝜖 ,    y  𝜖 ,    D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) ) ≥ 0


     (    s  𝜖 ,    y  𝜖 )


    𝜓  s  (    s  𝜖 ,    y  𝜖 ) −   𝜑  t  (    t  𝜖 ,    x  𝜖 ) ≤   H -  (    s  𝜖 ,    y  𝜖 ,    D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) ) −   H -  (    t  𝜖 ,    x  𝜖 ,    D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) ) .  


    𝜑  t  (    t  𝜖 ,    x  𝜖 ) =     t  𝜖 −   s  𝜖  𝜖 − 𝜂 − 𝛾  1    t  𝜖 2 ,


    D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) =     x  𝜖 −   y  𝜖  𝜖 + m 𝛽    ⟨   x  𝜖 ⟩  m − 2   x  𝜖 ,


    D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) =     x  𝜖 −   y  𝜖  𝜖 + m 𝛽    ⟨   x  𝜖 ⟩  m − 2   x  𝜖 ,


    𝜓  s  (    s  𝜖 ,    y  𝜖 ) =     t  𝜖 −   s  𝜖  𝜖 + 𝜂 + 𝛾  1    s  𝜖 2 ,


    𝜓  s  (    s  𝜖 ,    y  𝜖 ) =     t  𝜖 −   s  𝜖  𝜖 + 𝜂 + 𝛾  1    s  𝜖 2 ,


    D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) =     x  𝜖 −   y  𝜖  𝜖 − m 𝛽    ⟨   y  𝜖 ⟩  m − 2   y  𝜖 ,


    D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) =     x  𝜖 −   y  𝜖  𝜖 − m 𝛽    ⟨   y  𝜖 ⟩  m − 2   y  𝜖 ,


     (    t  𝜖 ,    x  𝜖 ) ,  (    s  𝜖 ,    y  𝜖 ) ∈ K


    R > 0


    K ⊂   B -  ( 0 ,  R )


  ∥ f  (    t  𝜖 ,    x  𝜖 ,  u ) − f  (    s  𝜖 ,    y  𝜖 ,  u ) ∥ ≤   L  f  ( R )  ( ∣   t  𝜖 −   s  𝜖 ∣ + ∥   x  𝜖 −   y  𝜖 ∥ ) .


    ∥ D 𝜉  ( x ) ∥ ≤ 1


    H -  (    s  𝜖 ,    y  𝜖 ,    D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) ) −   H -  (    t  𝜖 ,    x  𝜖 ,    D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) ) ≤


  ≤  sup  u ∈ U  { − f  (    s  𝜖 ,    y  𝜖 ,  u )  (   D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) + 𝛼   u 2  (    s  𝜖 ,    y  𝜖 ) D 𝜉  (   y  𝜖 ) ) −   e  𝛼 𝜉  (   y  𝜖 ) ℓ  (    s  𝜖 ,    y  𝜖 ,  u ) } −


  ≤  sup  u ∈ U  { − f  (    s  𝜖 ,    y  𝜖 ,  u )  (   D  y 𝜓  (    s  𝜖 ,    y  𝜖 ) + 𝛼   u 2  (    s  𝜖 ,    y  𝜖 ) D 𝜉  (   y  𝜖 ) ) −   e  𝛼 𝜉  (   y  𝜖 ) ℓ  (    s  𝜖 ,    y  𝜖 ,  u ) } −


  −  sup  u ∈ U  { − f  (    t  𝜖 ,    x  𝜖 ,  u )  (   D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) + 𝛼   u 1  (    t  𝜖 ,    x  𝜖 ) D 𝜉  (   x  𝜖 ) ) −   e  𝛼 𝜉  (   x  𝜖 ) ℓ  (    t  𝜖 ,    x  𝜖 ,  u ) } ≤


  −  sup  u ∈ U  { − f  (    t  𝜖 ,    x  𝜖 ,  u )  (   D  x 𝜑  (    t  𝜖 ,    x  𝜖 ) + 𝛼   u 1  (    t  𝜖 ,    x  𝜖 ) D 𝜉  (   x  𝜖 ) ) −   e  𝛼 𝜉  (   x  𝜖 ) ℓ  (    t  𝜖 ,    x  𝜖 ,  u ) } ≤


  ≤   L  f  ( R )  ( ∣   t  𝜖 −   s  𝜖 ∣ + ∥   x  𝜖 −   y  𝜖 ∥ )  ( 𝛼 ∥   u 1  ∥ ∞ +   ∥   x  𝜖 −   y  𝜖 ∥  𝜖 + 𝛽 m    ⟨   x  𝜖 ⟩  m − 1 ) +


  ≤   L  f  ( R )  ( ∣   t  𝜖 −   s  𝜖 ∣ + ∥   x  𝜖 −   y  𝜖 ∥ )  ( 𝛼 ∥   u 1  ∥ ∞ +   ∥   x  𝜖 −   y  𝜖 ∥  𝜖 + 𝛽 m    ⟨   x  𝜖 ⟩  m − 1 ) +


  + C  ( 1 + ∥   y  𝜖  ∥  p )  [ 𝛽 m  (    ⟨   x  𝜖 ⟩  m − 1 +    ⟨   y  𝜖 ⟩  m − 1 ) + 𝛼 ∣   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) ∣ ] +


  + C  ( 1 + ∥   y  𝜖  ∥  p )  [ 𝛽 m  (    ⟨   x  𝜖 ⟩  m − 1 +    ⟨   y  𝜖 ⟩  m − 1 ) + 𝛼 ∣   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) ∣ ] +


  +   e  − 𝛼 𝜉  (   x  𝜖 ) ∣ ℓ  (    t  𝜖 ,    x  𝜖 ,  u ) − ℓ  (    s  𝜖 ,    y  𝜖 ,  u ) ∣ + C ∣   e  − 𝛼 𝜉  (   y  𝜖 ) −   e  − 𝛼 𝜉  (   x  𝜖 ) ∣  ( 1 + ∥   y  𝜖  ∥ 2 ) .


  +   e  − 𝛼 𝜉  (   x  𝜖 ) ∣ ℓ  (    t  𝜖 ,    x  𝜖 ,  u ) − ℓ  (    s  𝜖 ,    y  𝜖 ,  u ) ∣ + C ∣   e  − 𝛼 𝜉  (   y  𝜖 ) −   e  − 𝛼 𝜉  (   x  𝜖 ) ∣  ( 1 + ∥   y  𝜖  ∥ 2 ) .


  2 𝜂 + 𝛾  1    t  𝜖 2 + 𝛾  1    s  𝜖 2 ≤


  ≤   L  f  ( R )  ( ∣   t  𝜖 −   s  𝜖 ∣ + ∥   x  𝜖 −   y  𝜖 ∥ )  ( 𝛼 ∥   u 1  ∥ ∞ +   ∥   x  𝜖 −   y  𝜖 ∥  𝜖 + 𝛽 m    ⟨   x  𝜖 ⟩  m − 1 ) +


  + C  ( 1 + ∥   y  𝜖  ∥  p )  [ 𝛽 m  (    ⟨   x  𝜖 ⟩  m − 1 +    ⟨   y  𝜖 ⟩  m − 1 ) + 𝛼 ∣   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) ∣ ] +


  + C  ( 1 + ∥   y  𝜖  ∥  p )  [ 𝛽 m  (    ⟨   x  𝜖 ⟩  m − 1 +    ⟨   y  𝜖 ⟩  m − 1 ) + 𝛼 ∣   u 1  (    t  𝜖 ,    x  𝜖 ) −   u 2  (    s  𝜖 ,    y  𝜖 ) ∣ ] +


  +   e  − 𝛼 𝜉  (   x  𝜖 ) ∣ ℓ  (    t  𝜖 ,    x  𝜖 ,  u ) − ℓ  (    s  𝜖 ,    y  𝜖 ,  u ) ∣ + C ∣   e  − 𝛼 𝜉  (   y  𝜖 ) −   e  − 𝛼 𝜉  (   x  𝜖 ) ∣  ( 1 + ∥   y  𝜖  ∥ 2 ) .  


  +   e  − 𝛼 𝜉  (   x  𝜖 ) ∣ ℓ  (    t  𝜖 ,    x  𝜖 ,  u ) − ℓ  (    s  𝜖 ,    y  𝜖 ,  u ) ∣ + C ∣   e  − 𝛼 𝜉  (   y  𝜖 ) −   e  − 𝛼 𝜉  (   x  𝜖 ) ∣  ( 1 + ∥   y  𝜖  ∥ 2 ) .  


    𝛽  (    ⟨   x  𝜖 ⟩  m +    ⟨   y  𝜖 ⟩  m ) ≤ L    (  m ,  ≤   m 0 𝛽 ≤   𝛽 0 )


  2 𝜂 + 𝛾  1    t  𝜖 2 + 𝛾  1    s  𝜖 2 ≤   L  f  ( R )  ( ∣   t  𝜖 −   s  𝜖 ∣ + ∥   x  𝜖 −   y  𝜖 ∥ )  ( 𝛼 ∥   u 1  ∥ ∞ +   ∥   x  𝜖 −   y  𝜖 ∥  𝜖 + 𝛽 m    ⟨   x  𝜖 ⟩  m − 1 ) +


  1 + ∥   y  𝜖  ∥  p ≤ 1 +    ( L / 𝛽 )    p    m 0 =   C - .


  1 + ∥   y  𝜖  ∥  p ≤ 1 +    ( L / 𝛽 )    p    m 0 =   C - .


    m ≤ min ⁡  {    𝜂  2 C C L ,    m 0 }


    𝛼 ≤   𝜂  2 C C L


  2 𝜂 + 𝛾  1    t  𝜖 2 + 𝛾  1    s  𝜖 2 ≤ 𝜂 + O  ( 𝜖 ) ,


    u 1  (  t ,  x ) ≤   u 2  (  t ,  x ) ,    (  t ,  x ) ∈  [ 0 ,  T ] ×   R  n .


    u 1  (  t ,  x ) =   v 1  (  t ,  x )   e  − 𝛼 𝜉  ( x ) ≤   u 2  (  t ,  x ) =   v 2  (  t ,  x )   e  − 𝛼 𝜉  ( x ) ,


    v 1  (  t ,  x ) ≤   v 2  (  t ,  x ) ,    (  t ,  x ) ∈  [ 0 ,  T ] ×   R  n .


    v  (  t ,  x )


    t ∈  [ 0 ,  T )


    N ≥  [ T ] + 1


    h =   T − t  N  ( 0 < h < 1 )


     [ a ]


    a


   {      y  j + 1 =   y  j + h f  (    t  j ,   (   y  j +   y  j + 1 ) ,  / 2   u  j ) ,  j = 0 , … , N − 1     y 0 = x ,  x ∈   R  n ,


    J h  (  t ,  x ,    u  j ) =   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  j ) + g  (   y  N ) →  min   {   u  j } ,  


    J h  (  t ,  x ,    u  j ) =   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  j ) + g  (   y  N ) →  min   {   u  j } ,  


      y  j = y  (   t  j ) ,   u  j = u  (   t  j )


    v h  (  t ,  x ) =  inf   {   u  j }   J h  (  t ,  x ,   {   u  j } ) .


    h  ( 0 < h <  h 0 )


      v h  (  t ,  x )


  ∃   C 1 > 0 ,   ∀ t ∈  [ 0 ,  T ] ,   ∀ x ∈   R  n ,   ∣   v h  (  t ,  x ) ∣ ≤   C 1  ( 1 + ∥ x  ∥ 2 ) .  


     {   u  j }


  ∣   v h  (  t ,  x ) ∣ ≤   ∑  j = 0  N − 1 h ∣ ℓ  (    t  j ,    y  j ,    u  j ) ∣ + ∣ g  (   y  N ) ∣ ≤   ∑  j = 0  N − 1 h C  ( 1 + ∥   y  j  ∥ 2 ) + C  ( 1 + ∥   y  N  ∥ 2 ) .


   (    y  j + 1 ,      y  j +   y  j + 1 2 ) =  (    y  j ,      y  j +   y  j + 1 2 ) + h  (  f ,   (    t  j ,      y  j +   y  j + 1 2 ,    u  j )     y  j +   y  j + 1 2 ) ,


  ∥   y  j + 1  ∥ 2 ≤ ∥   y  j  ∥ 2 + 2 C h  ( 1 + ∥   y  j +   y  j + 1  ∥ 2 / 4 ) ,


  ∥   y  j + 1  ∥ 2 ≤ ∥   y  j  ∥ 2 + 2 C h + C h  ( ∥   y  j  ∥ 2 + ∥   y  j + 1  ∥ 2 ) ,


  ∥   y  j + 1  ∥ 2 ≤ ∥   y  j  ∥ 2 + 2 C h + C h  ( ∥   y  j  ∥ 2 + ∥   y  j + 1  ∥ 2 ) ,


  ∥   y  j + 1  ∥ 2 ≤   2 C h  1 − C h +   1 + C h  1 − C h ∥   y  j  ∥ 2 = ∥   y  j  ∥ 2 +   2 C h  1 − C h  ( 1 + ∥   y  j  ∥ 2 ) .  


     h 0 = min ⁡  ( 1 ,   1  2 C )


    h  ( 0 < h <  h 0 )


  ∥   y  j + 1  ∥ 2 ≤ ∥   y  j  ∥ 2 + 4 C h  ( 1 + ∥   y  j  ∥ 2 ) ,   j = 0 , … , N − 1


  ∥   y 1  ∥ 2 ≤ ∥ x  ∥ 2 + 4 C h  ( 1 + ∥ x  ∥ 2 ) ≤  ( 1 + 4 C h )  ( 1 + ∥ x  ∥ 2 ) ,


  ∥   y 2  ∥ 2 ≤ ∥   y 1  ∥ 2 + 4 C h  ( 1 + ∥   y 1  ∥ 2 ) ≤


  ∥   y 2  ∥ 2 ≤ ∥   y 1  ∥ 2 + 4 C h  ( 1 + ∥   y 1  ∥ 2 ) ≤


  ≤ ∥ x  ∥ 2 + 4 C h  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) ≤


  ≤ ∥ x  ∥ 2 + 4 C h  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) ≤


  ≤  ( 1 + 4 C h )  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) ≤


  ≤  ( 1 + 4 C h )  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) + 4 C h  ( 1 + ∥ x  ∥ 2 ) ≤


  ≤    ( 1 + 4 C h ) 2  ( 1 + ∥ x  ∥ 2 ) ,


  ≤    ( 1 + 4 C h ) 2  ( 1 + ∥ x  ∥ 2 ) ,


  ∥   y  j  ∥ 2 ≤    ( 1 + 4 C h )  j  ( 1 + ∥ x  ∥ 2 ) ≤   e  4 C j h  ( 1 + ∥ x  ∥ 2 ) ≤   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ,   j =   1 , N ‾ .  


  ∣   v h  (  t ,  x ) ∣ ≤   ∑  j = 0  N − 1 h C  ( 1 +   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ) +   C 0  ( 1 +   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ) ≤


  ≤ C T  ( 1 +   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ) +   C 0  ( 1 +   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ) ≤     C - 1  ( 1 + ∥ x  ∥ 2 ) ,


  ≤ C T  ( 1 +   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ) +   C 0  ( 1 +   e  4 C T  ( 1 + ∥ x  ∥ 2 ) ) ≤     C - 1  ( 1 + ∥ x  ∥ 2 ) ,


        C - 1 =  (   C 0 + C T )  ( 1 +   e  4 C T )


    □


    h  ( 0 < h <  h 0 )


    y  j + 1 ≈   y  j + h f  (    t  j ,    y  j ,    u  j ) ,


   {      y  j + 1 =   y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,    u  j )   u  j ) ,  j = 0 , … , N − 1 ,     y 0 = x ,  x ∈   R  n .  


      v h


    v h  (  t ,  x ) =  inf  u ∈ U  { h ℓ  (  t ,  x ,  u ) +   v h  (  t ,  + h x + h f  (  t ,  x ,  +  h 2 f  (  t ,  x ,  u ) u ) ) }


    v h  (  T ,  x ) = g  ( x ) .


    v h  (  T ,  x ) = g  ( x ) .


    h ∈  ( 0 ,   h 0 )


    K ⊂   R  n


  ∃     C -  K > 0 ,   ∀ t ,   t - ∈  [ 0 ,  T ] ,   ∀ x , z ∈ K ,


  ∣   v h  (  t ,  x ) −   v h  (    t - ,  z ) ∣ ≤     C -  K  ( ∣ t −   t - ∣ + ∥ x − z ∥ ) .  


  ∣   v h  (  t ,  x ) −   v h  (    t - ,  z ) ∣ ≤     C -  K  ( ∣ t −   t - ∣ + ∥ x − z ∥ ) .  


    t ∈  [ 0 ,  T ]


    x , z ∈ K ⊂   B -  ( 0 ,  R )


  ∀ 𝜖 > 0 ,   ∃  {     u -  j } ,     v h  (  t ,  z ) ≥   J h  (  t ,  z ,   {     u -  j } ) − 𝜖 .


     {   y  j }


     {   z  j }


     {     u -  j }


    x


    z ∈ K


  ∥   y  j ∥ ≤   e  2 C T  ( 1 + ∥ x ∥ )   and   ∥   z  j ∥ ≤   e  2 C T  ( 1 + ∥ z ∥ ) ,   j =   1 , N ‾ .


      R - =   e  2 C T  ( 1 + R )


    y  j ∈ B  ( 0 ,    R - ) ,   j =   0 , N ‾ ,     z  j ∈ B  ( 0 ,    R - ) ,   j =   0 , N ‾ .


     {   y  j }


     {   z  j }


    y 1 = x + h f  (  t ,  x ,  +  h 2 f  (  t ,  x ,      u - 0 )     u - 0 ) ,


    z 1 = z + h f  (  t ,  z ,  +  h 2 f  (  t ,  z ,      u - 0 )     u - 0 )


    z 1 = z + h f  (  t ,  z ,  +  h 2 f  (  t ,  z ,      u - 0 )     u - 0 )


  ∥   y 1 −   z 1 ∥ ≤ ∥ x − z ∥ +   L  f  (   R - )  ( ∥ x − z ∥ +  1 2 h   L  f  (   R - ) ∥ x − z ∥ ) .


    h ≤  h - = min ⁡  (   h 0 ,   1    L  f  (   R - ) )


  ∥   y 1 −   z 1 ∥ ≤  ( 1 + 2 h   L  f  (   R - ) ) ∥ x − z ∥ .


  ∥   y 2 −   z 2 ∥ ≤  ( 1 + 2 h   L  f  (   R - ) ) ∥   y 1 −   z 1 ∥ ≤    ( 1 + 2 h   L  f  (   R - ) ) 2 ∥ x − z ∥


  ∥   y  j −   z  j ∥ ≤    ( 1 + 2 h   L  f  (   R - ) )  j ∥ x − z ∥ ≤   e  2 j h   L  f  (   R - ) ∥ x − z ∥ ,   j = 1 , … , N .


    v h  (  t ,  x ) −   v h  (  t ,  z ) ≤   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,      u -  j ) −   ∑  j = 0  N − 1 h ℓ  (    t  j ,    z  j ,      u -  j ) + g  (   y  N ) − g  (   z  N ) + 𝜖 ≤


  ≤   ∑  j = 0  N − 1 h   L ℓ  (   R - ) ∥   y  j −   z  j ∥ +   L  g  (   R - ) ∥   y  N −   z  N ∥ + 𝜖 ≤


  ≤   ∑  j = 0  N − 1 h   L ℓ  (   R - ) ∥   y  j −   z  j ∥ +   L  g  (   R - ) ∥   y  N −   z  N ∥ + 𝜖 ≤


  ≤   ∑  j = 0  N − 1 h   L ℓ  (   R - )   e  2 j h   L  f  (   R - ) ∥ x − z ∥ +   L  g  (   R - )   e  2 N h   L  f  (   R - ) ∥ x − z ∥ + 𝜖 ≤


  ≤   ∑  j = 0  N − 1 h   L ℓ  (   R - )   e  2 j h   L  f  (   R - ) ∥ x − z ∥ +   L  g  (   R - )   e  2 N h   L  f  (   R - ) ∥ x − z ∥ + 𝜖 ≤


  ≤   L ℓ  (   R - ) T   e  2   L  f  (   R - ) T ∥ x − z ∥ +   L  g  (   R - )   e  2   L  f  (   R - ) T ∥ x − z ∥ + 𝜖 ≤


  ≤   L ℓ  (   R - ) T   e  2   L  f  (   R - ) T ∥ x − z ∥ +   L  g  (   R - )   e  2   L  f  (   R - ) T ∥ x − z ∥ + 𝜖 ≤


  ≤  (   L ℓ  (   R - ) T +   L  g  (   R - ) )   e  2   L  f  (   R - ) T ∥ x − z ∥ + 𝜖 ≤     C -  R ∥ x − z ∥ + 𝜖 ,


  ≤  (   L ℓ  (   R - ) T +   L  g  (   R - ) )   e  2   L  f  (   R - ) T ∥ x − z ∥ + 𝜖 ≤     C -  R ∥ x − z ∥ + 𝜖 ,


        C -  R =  (   L ℓ  (   R - ) T +   L  g  (   R - ) )   e  2   L  f  (   R - ) T


    x


    z


  ∣ v  (  t ,  x ) − v  (  t ,  z ) ∣ ≤     C -  R ∥ x − z ∥ .


      t - ∈  [ 0 ,  T ]


      t - ≤ t


    j  t =  ⌈   t −   t - h ⌉ + 1 .


     {   u  j }


    v h  (    t - ,  x ) −   v h  (  t ,  z ) ≤   ∑  j = 0    j  t − 1 h ℓ  (    t  j ,    y  j ,    u  j ) +   v h  (  t ,    y    j  t ) −   v h  (  t ,  z ) ≤


  ≤   ∑  j = 0    j  t − 1 h ∣ ℓ  (    t  j ,    y  j ,    u  j ) ∣ + ∣   v h  (  t ,    y    j  t ) −   v h  (  t ,  x ) ∣ + ∣   v h  (  t ,  x ) −   v h  (  t ,  z ) ∣ ≤


  ≤   ∑  j = 0    j  t − 1 h ∣ ℓ  (    t  j ,    y  j ,    u  j ) ∣ + ∣   v h  (  t ,    y    j  t ) −   v h  (  t ,  x ) ∣ + ∣   v h  (  t ,  x ) −   v h  (  t ,  z ) ∣ ≤


  ≤   ∑  j = 0    j  t − 1 h ∣ ℓ  (    t  j ,    y  j ,    u  j ) ∣ +     C -  R ∥   y    j  t − x ∥ +     C -  R ∥ x − z ∥ ,


      y    j  t =   y    j  t − 1 +  ( t −   t    j  t − 1 ) f  (    t    j  t − 1 ,   (   y    j  t − 1 +   y    j  t ) ,  / 2   u    j  t − 1 )


    x , z ∈ K


      t - ∈  [ 0 ,  T ]


      t - ≤ t


    M    R - f =  max   [ 0 ,  T ] ×   B -  ( 0 ,    R - ) × U f  (  t ,  x ,  u ) ,     M    R - ℓ =  max   [ 0 ,  T ] ×   B -  ( 0 ,    R - ) × U ℓ  (  t ,  x ,  u ) ,


    v h  (    t - ,  x ) −   v h  (  t ,  z ) ≤   ∑  j = 0    j  t − 1 h   M    R - ℓ +     C -  R   ∑  j = 0    j  t − 1 h   M    R - f +     C -  R ∥ x − z ∥ ≤


  ≤  (   M    R - ℓ +     C -  R   M    R - f ) ∣ t −   t - ∣ +     C -  R ∥ x − z ∥ ≤     C -  K  ( ∥ x − z ∥ + ∣ t −   t - ∣ ) ,


  ≤  (   M    R - ℓ +     C -  R   M    R - f ) ∣ t −   t - ∣ +     C -  R ∥ x − z ∥ ≤     C -  K  ( ∥ x − z ∥ + ∣ t −   t - ∣ ) ,


        C -  K = max ⁡  {    M    R - ℓ ,  +     C -  R   M    R - f     C -  R }


      t - ∈  [ 0 ,  T ]


    t ≤   t -


    x


    z


    v  (  t ,  x )


    K ⊂   R  n


      v h


    v


     [ 0 ,  T ] × K


    h → 0


     {   v h }


     [ 0 ,  T ] × K


    K ⊂   R  n  ( D ⊂ K )


     {   v h }


     [ 0 ,  T ] × K


    h → 0


      v h


     lim  h → 0   v h =   v -


      v -  (  t ,  x )


      v -  (  t ,  x )


     ( 0 ,  T ) ×   R  n


    𝜓 ∈   C 1  (  ( 0 ,  T ) ×   R  n )


     (    t 0 ,    x 0 ) ∈  ( 0 ,  T ) ×   R  n


    v - − 𝜓


  r > 0


   {  (    t h ,    x h ) } ∈   B  r  (    t 0 ,    x 0 )


    v h − 𝜓


      B  r  (    t 0 ,    x 0 ) ‾


   lim  h → 0  (    t h ,    x h ) =  (    t 0 ,    x 0 ) ,    lim  h → 0   v h  (    t h ,    x h ) =   v -  (    t 0 ,    x 0 ) ,


    B  r  (    t 0 ,    x 0 )


  r > 0


   (    t 0 ,    x 0 )


  h


  ∀ u ∈ U ,    (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) ∈     B  r  (    t 0 ,    x 0 ) ‾ .


    v h  (    t h ,    x h ) − 𝜓  (    t h ,    x h ) ≥


  ≥   v h  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) − 𝜓  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) )


  ≥   v h  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) − 𝜓  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) )


    v h  (    t h ,    x h ) ≤ h ℓ  (    t h ,    x h ,  u ) +   v h  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) ,


  0 ≥   v h  (    t h ,    x h ) − h ℓ  (    t h ,    x h ,  u ) −   v h  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) ≥


  ≥ 𝜓  (    t h ,    x h ) − 𝜓  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) − h ℓ  (    t h ,    x h ,  u ) .  


  ≥ 𝜓  (    t h ,    x h ) − 𝜓  (    t h ,  + h   x h + h f  (    t h ,    x h ,  +  h 2 f  (    t h ,    x h ,  u ) u ) ) − h ℓ  (    t h ,    x h ,  u ) .  


  h


  h → 0


  −   𝜕 𝜓  𝜕 t  (    t 0 ,    x 0 ) − f  (    t 0 ,    x 0 ,  u ) ⋅   D  x 𝜓  (    t 0 ,    x 0 ) − ℓ  (    t 0 ,    x 0 ,  u ) ≤ 0 .


  u


  −   𝜕 𝜓  𝜕 t  (    t 0 ,    x 0 ) +  sup  u ∈ U  { − f  (    t 0 ,    x 0 ,  u ) ⋅   D  x 𝜓  (    t 0 ,    x 0 ) − ℓ  (    t 0 ,    x 0 ,  u ) } ≥ 0 .


    v -  (  t ,  x )


   ( 0 ,  T ) ×   R  n


    v ‾  (  t ,  x )


  Ω ⊂   R  n


    T  j  (  j , = ,  1 … m )


    R  n


  Ω =   ⋃  j = 1  m    T  j ,       T  j ˚ ∩     T  i ˚ = ∅ ,  ( j ≠ i )


    x  i  ( i =   1 , M ‾ )


    T  j


  k =  max  j  { d i a m   T  j } ,


  d i a m   T  j


    T  j


   {      v h  k  (    t  v ,    x  i ) =  inf  u ∈ U  { h ℓ  (    t  v ,    x  i ,  u ) +   v h  k  (    t  v + 1 ,    x  i + h f  (    t  v ,    x  i ,  +  h 2 f  (    t  v ,    x  i ,  u ) u ) ) }     v h  k  (  T ,    x  i ) = g  (   x  i ) ,   i =   1 , M ‾ .


    u ∈ U


      x - ∈  Ω -


    x  i + h f  (    t  v ,    x  i ,  +  h 2 f  (    t  v ,    x  i ,  u ) u ) =   ∑  j = 1  M    𝜆  i  j   x  j


    ∑  j = 1  M    𝜆  i  j = 1 ,   0 ≤   𝜆  i  j ≤ 1


    ∑  j = 1  M    𝜆  i  j = 1 ,   0 ≤   𝜆  i  j ≤ 1


     (    t  v ,    x  i ) ∈ S × G


      v h  k ∈ C  (  [ 0 ,  T ] ×  Ω - )


   {      x  i + h f  (    t  v ,    x  i ,  +  h 2 f  (    t  v ,    x  i ,  u ) u ) =   ∑  j = 1  M    𝜆  i  j   x  j ,  i =   1 , M ‾ , v =   0 , N − 1 ‾     ∑  j = 1  M    𝜆  i  j = 1 ,   0 ≤   𝜆  i  j ≤ 1      v h  k  (    t  v ,    x  i ) =  min  u ∈ U  { h ℓ  (    t  v ,    x  i ,  u ) +   ∑  j = 1  M    𝜆  i  j   v h  k  (    t  v + 1 ,    x  j ) }      v h  k  (  T ,    x  i ) = g  (   x  i ) ,  i =   1 , M ‾ .  


      v h  k


      v h


      v h  k  (  t ,  x )


     (    t  j ,  x ) ∈ S ×   𝛺 -


  ∃     C - 2 > 0 ,   ∣   v h  k  (    t  j ,  x ) −   v h  (    t  j ,  x ) ∣ ≤     C - 2  (   k h + k ) ,   j =   0 , N ‾ .  


     (    t  j ,  x ) ∈ S ×  Ω -


    x


      T  x


      I  x =  {  i , ∣ ,    x  i ,  ∈   T  x i = 12 … M }


  x =   ∑  i ∈   I  x    𝜆  i   x  i ,   ∥ x −   x  i ∥ ≤ k ,   i ∈   I  x ,     ∑  i ∈   I  x    𝜆  i = 1 .


    v h  k  (    t  j ,    ∑  i ∈   I  x    𝜆  i   x  i ) =   ∑  i ∈   I  x    𝜆  i   v h  k  (    t  j ,    x  i ) ,


  ∣   v h  k  (    t  j ,  x ) −   v h  (    t  j ,  x ) ∣ ≤   ∑  i ∈   I  x    𝜆  i ∣   v h  k  (    t  j ,    x  i ) −   v h  (    t  j ,    x  i ) ∣ +   ∑  i ∈   I  x    𝜆  i ∣   v h  (    t  j ,    x  i ) −   v h  (    t  j ,  x ) ∣ .  


  ∃     C -  R > 0 ,   ∣   v h  (    t  j ,    x  i ) −   v h  (    t  j ,  x ) ∣ ≤     C -  R ∥ x −   x  i ∥ ≤     C -  R k ,   j =   0 , N ‾ .


  ∣   v h  k  (  T ,  x ) −   v h  (  T ,  x ) ∣ ≤   ∑  i ∈   I  x    𝜆  i ∣ g  (   x  i ) − g  ( x ) ∣ ≤   L  g  ( R ) ∥   x  i − x ∥ =   L  g  ( R ) k ,


  ∣   v h  k  (    t  j ,  x ) −   v h  (    t  j ,  x ) ∣ ≤   ∑  i ∈   I  x    𝜆  i ∣   v h  k  (    t  j ,    x  i ) −   v h  (    t  j ,    x  i ) ∣ +   ∑  i ∈   I  x    𝜆  i ∣   v h  (    t  j ,    x  i ) −   v h  (    t  j ,  x ) ∣


  ≤   ∑  i ∈   I  x    𝜆  i ∣   v h  k  (    t  j ,    x  i ) −   v h  (    t  j ,    x  i ) ∣ +     C -  R k =


  ≤   ∑  i ∈   I  x    𝜆  i ∣   v h  k  (    t  j ,    x  i ) −   v h  (    t  j ,    x  i ) ∣ +     C -  R k =


  =     C -  R k +   ∑  i ∈   I  x    𝜆  i  {  ∣  min  u  [ h ℓ  (    t  j ,    x  i ,  u ) +   v h  k  (    t  j + 1 ,    x  i + h f  (    t  j ,    x  i ,  +  h 2 f  (    t  j ,    x  i ,  u ) u ) ) ] −


  =     C -  R k +   ∑  i ∈   I  x    𝜆  i  {  ∣  min  u  [ h ℓ  (    t  j ,    x  i ,  u ) +   v h  k  (    t  j + 1 ,    x  i + h f  (    t  j ,    x  i ,  +  h 2 f  (    t  j ,    x  i ,  u ) u ) ) ] −


   −  min  u   [ h ℓ  (    t  j ,    x  i ,  u ) +   v h  (    t  j + 1 ,    x  i + h f  (    t  j ,    x  i ,  +  h 2 f  (    t  j ,    x  i ,  u ) u ) ) ] ∣ } ≤


   −  min  u   [ h ℓ  (    t  j ,    x  i ,  u ) +   v h  (    t  j + 1 ,    x  i + h f  (    t  j ,    x  i ,  +  h 2 f  (    t  j ,    x  i ,  u ) u ) ) ] ∣ } ≤


  ≤     C -  R k +  max  u ∣   v h  k  (    t  j + 1 ,    x  i + h f  (    t  j ,   ( x +   x - ) ,  / 2 u ) ) −   v h  (    t  j + 1 ,    x  i + h f  (    t  j ,   (    x  i ,    x - ) ,  / 2 u ) ) ∣ ≤


  ≤     C -  R k +  max  u ∣   v h  k  (    t  j + 1 ,    x  i + h f  (    t  j ,   ( x +   x - ) ,  / 2 u ) ) −   v h  (    t  j + 1 ,    x  i + h f  (    t  j ,   (    x  i ,    x - ) ,  / 2 u ) ) ∣ ≤


  ≤     C -  R k +  max      x -  i + 1 ∈  Ω - ∣   v h  k  (    t  j + 1 ,      x -  i + 1 ) −   v h  (    t  j + 1 ,      x -  i + 1 ) ∣ ≤


  ≤     C -  R k +  max      x -  i + 1 ∈  Ω - ∣   v h  k  (    t  j + 1 ,      x -  i + 1 ) −   v h  (    t  j + 1 ,      x -  i + 1 ) ∣ ≤


  ≤ 2     C -  R k +  max      x -  i + 2 ∈  Ω - ∣   v h  k  (    t  j + 2 ,      x -  i + 2 ) −   v h  (    t  j + 2 ,      x -  i + 2 ) ∣ ≤


  ≤ 2     C -  R k +  max      x -  i + 2 ∈  Ω - ∣   v h  k  (    t  j + 2 ,      x -  i + 2 ) −   v h  (    t  j + 2 ,      x -  i + 2 ) ∣ ≤


  ≤  ( N − j )     C -  R k +  max      x -  i + N − j ∈  Ω - ∣   v h  k  (  T ,      x -  i + N − j ) −   v h  (  T ,      x -  i + N − j ) ∣ ≤


  ≤  ( N − j )     C -  R k +  max      x -  i + N − j ∈  Ω - ∣   v h  k  (  T ,      x -  i + N − j ) −   v h  (  T ,      x -  i + N − j ) ∣ ≤


  ≤  ( N − j )     C -  R k +   L  g  ( R ) k ≤ T     C -  R   k h +   L  g  ( R ) k ≤     C - 2  (   k h + k ) ,


  ≤  ( N − j )     C -  R k +   L  g  ( R ) k ≤ T     C -  R   k h +   L  g  ( R ) k ≤     C - 2  (   k h + k ) ,


        C - 2 = max ⁡  {  T ,      C -  R   L  g  ( R ) }


    v  (  t ,  x )


    K = O  (  h  1 + 𝛾 )


    0 < 𝛾 < 1


   lim  h → 0   v h  k = v   uniformly on   [ 0 ,  T ] × Ω .


     (  t ,  x ) ∈  [ 0 ,  T ] ×  Ω -


    t ∈  [    t  v − 1 ,    t  v ]


    v ∈   1 , N ‾


  ∣   v h  k  (    t  v ,  x ) − v  (  t ,  x ) ∣ ≤ ∣   v h  k  (    t  v ,  x ) −   v h  (    t  v ,  x ) ∣ + ∣   v h  (    t  v ,  x ) −   v h  (  t ,  x ) ∣ + ∣   v h  (    t  v ,  x ) − v  (  t ,  x ) ∣ ≤


  ≤     C - 2  (   k h + k ) +     C -  R h + ∣   v h  (  t ,  x ) − v  (  t ,  x ) ∣ .  


  ≤     C - 2  (   k h + k ) +     C -  R h + ∣   v h  (  t ,  x ) − v  (  t ,  x ) ∣ .  


    k = O  (  h  1 + 𝛾 )


  ∣   v h  k  (  t ,  x ) − v  (  t ,  x ) ∣ → 0 ,    ( h → 0 ) .


      v h  k


     [ 0 ,  T ] ×  Ω -


    h → 0


     (  t ,  x ) ∈  [ 0 ,  T ) ×  Ω -


      u h  k  (  t ,  x )  


    u h  k  (  t ,  x ) =  arg ⁡   min  u ∈ U  { h ℓ  (  t ,  x ,  u ) +   v h  k  (  t ,  + h x + h f  (  t ,  x ,  +  h 2 f  (  t ,  x ,  u ) u ) ) } .  


     {   u  h , j  k } =  {   u h  k  (    t  j ,    y  j ) }


     {   y  j }


   {      y  j + 1 =   y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,    u h  k  (    t  j ,    y  j ) )   u h  k  (    t  j ,    y  j ) ) ,  j = 0 , … , N − 1     y 0 = x ,  x ∈   R  n .  


    J h  k  (  t ,  x ,   {   u  h , j  k } ) =   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  h , j  k ) + g  (   y  N ) .


    u h  k  ( 𝜏 ) =   u  h , j  k ,   𝜏 ∈  [    t  j ,    t  j + 1 ) ,   j =   0 , N − 1 ‾  


     {   u h  k }


      u h  k  ( ⋅ )


     (  t ,  x ) ∈  [ 0 ,  T ] ×  Ω -


  ∃     C - 3 > 0 ,   ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) −   J h  k  (  t ,  x ,   {   u h  k } ) ∣ ≤     C - 3 h .  


    t ∈  [ 0 ,  T ]


    x ∈  Ω - ⊂   B -  ( 0 ,  R )


     {   y  j }


     {   u h  k }


  ∥   y  j ∥ ≤   e  2 C T  ( 1 + ∥ x ∥ ) ,   j =   1 , N ‾ .


      R - =   e  2 C T  ( 1 + R )


    y  j ∈ B  ( 0 ,    R - ) ,   j =   0 , N ‾ .


     (  t ,  x ) ∈  [ 0 ,  T ] ×  Ω -


  ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) −   J h  k  (  t ,  x ,   {   u h  k } ) ∣ ≤


  ≤  ∣   ∫  t  T ℓ  (  𝜏 ,  y ,   ( 𝜏 )   u h  k  ( 𝜏 ) ) d 𝜏 + g  ( y  ( T ) ) −   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  h , j  k ) − g  (   y  N ) ∣ ≤


  ≤  ∣   ∫  t  T ℓ  (  𝜏 ,  y ,   ( 𝜏 )   u h  k  ( 𝜏 ) ) d 𝜏 + g  ( y  ( T ) ) −   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  h , j  k ) − g  (   y  N ) ∣ ≤


  ≤   ∑  j = 0  N − 1    ∫    t  j    t  j + 1 ∣ ℓ  (  𝜏 ,  y ,   ( 𝜏 )   u h  k  ( 𝜏 ) ) − ℓ  (    t  j ,    y  j ,    u  h , j  k ) ∣ d 𝜏 + ∣ g  ( y  ( T ) ) − g  (   y  N ) ∣ ≤


  ≤   ∑  j = 0  N − 1    ∫    t  j    t  j + 1 ∣ ℓ  (  𝜏 ,  y ,   ( 𝜏 )   u h  k  ( 𝜏 ) ) − ℓ  (    t  j ,    y  j ,    u  h , j  k ) ∣ d 𝜏 + ∣ g  ( y  ( T ) ) − g  (   y  N ) ∣ ≤


  ≤   ∑  j = 0  N − 1    ∫    t  j    t  j + 1    L ℓ  (   R - )  ( ∣ 𝜏 −   t  j ∣ + ∥ y  ( 𝜏 ) −   y  j ∥ ) d 𝜏 +   L  g  (   R - ) ∥ y  ( T ) −   y  N ∥ ≤


  ≤   ∑  j = 0  N − 1    ∫    t  j    t  j + 1    L ℓ  (   R - )  ( ∣ 𝜏 −   t  j ∣ + ∥ y  ( 𝜏 ) −   y  j ∥ ) d 𝜏 +   L  g  (   R - ) ∥ y  ( T ) −   y  N ∥ ≤


  ≤   L ℓ  (   R - )  ( T − t ) h +   ∑  j = 0  N − 1    ∫    t  j    t  j + 1    L ℓ  (   R - )  ( ∣ 𝜏 −   t  j ∣ + ∥ y  ( 𝜏 ) −   y  j ∥ ) d 𝜏 +   L  g  (   R - ) ∥ y  ( T ) −   y  N ∥  


  ≤   L ℓ  (   R - )  ( T − t ) h +   ∑  j = 0  N − 1    ∫    t  j    t  j + 1    L ℓ  (   R - )  ( ∣ 𝜏 −   t  j ∣ + ∥ y  ( 𝜏 ) −   y  j ∥ ) d 𝜏 +   L  g  (   R - ) ∥ y  ( T ) −   y  N ∥  


  y  ( s ) = y  (   t  j ) +   ∫    t  j  s  f  (  𝜏 ,  y ,   ( 𝜏 )   u h  k  ( 𝜏 ) ) d 𝜏 ,   s ∈  [    t  j ,    t  j + 1 ) ,


    y  j + 1 =   y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,    u  h , j  k )   u  h , j  k ) ,   j =   0 , N − 1 ‾ .


    y  j + 1 =   y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,    u  h , j  k )   u  h , j  k ) ,   j =   0 , N − 1 ‾ .


    z  ( s ) =   y  j +  h 2 f  (    t  j ,    y  j ,    u  h , j  k )


    s ∈  [    t  j ,    t  j + 1 )


    j =   0 , N − 1 ‾


  ∥ y  (   t  j ) −   y  j ∥ ≤ ∥ y  (   t  j − 1 ) −   y  j − 1 ∥ +


  +   ∫    t  j − 1    t  j ∥ f  (  𝜏 ,  y ,   ( 𝜏 )   u  h , j − 1  k ) − f  (    t  j − 1 ,    y  j − 1 ,  +  h 2 f  (    t  j − 1 ,    y  j − 1 ,    u  h , j − 1  k )   u  h , j − 1  k ) ∥ d 𝜏 ≤


  +   ∫    t  j − 1    t  j ∥ f  (  𝜏 ,  y ,   ( 𝜏 )   u  h , j − 1  k ) − f  (    t  j − 1 ,    y  j − 1 ,  +  h 2 f  (    t  j − 1 ,    y  j − 1 ,    u  h , j − 1  k )   u  h , j − 1  k ) ∥ d 𝜏 ≤


  ≤ ∥ y  (   t  j − 1 ) −   y  j − 1 ∥ +   L  f  (   R - )   ∫    t  j − 1    t  j (  ∣ 𝜏 −   t  j − 1 ∣ + ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ ) d 𝜏 ,   j =   1 , N ‾ .


  ≤ ∥ y  (   t  j − 1 ) −   y  j − 1 ∥ +   L  f  (   R - )   ∫    t  j − 1    t  j (  ∣ 𝜏 −   t  j − 1 ∣ + ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ ) d 𝜏 ,   j =   1 , N ‾ .


    s ∈  [    t  j ,    t  j + 1 )


    j =   0 , N − 1 ‾


  ∥ y  ( s ) − z  ( s ) ∥ =  ∥ y  ( s ) −   y  j −  h 2 f  (    t  j ,    y  j ,    u  h , j  k ) ∥ ≤ ∥ y  ( s ) −   y  j + 1 ∥ +   M  f h ≤


  ≤ ∥ y  (   t  j ) −   y  j ∥ +   ∫    t  j  s ∥ f  (  𝜏 ,  y ,   ( 𝜏 )   u  h , j  k ) − f  (    t  j ,  z ,   ( 𝜏 )   u  h , j  k ) ∥ d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j ) −   y  j ∥ +   ∫    t  j  s ∥ f  (  𝜏 ,  y ,   ( 𝜏 )   u  h , j  k ) − f  (    t  j ,  z ,   ( 𝜏 )   u  h , j  k ) ∥ d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j ) −   y  j ∥ +   L  f  (   R - )   ∫    t  j  s (  ∣ 𝜏 −   t  j ∣ + ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ ) d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j ) −   y  j ∥ +   L  f  (   R - )   ∫    t  j  s (  ∣ 𝜏 −   t  j ∣ + ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ ) d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j ) −   y  j ∥ +   L  f  (   R - ) h  ( s −   t  j ) +   L  f  (   R - )   ∫    t  j  s ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j ) −   y  j ∥ +   L  f  (   R - ) h  ( s −   t  j ) +   L  f  (   R - )   ∫    t  j  s ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j − 1 ) −   y  j − 1 ∥ +   L  f  (   R - ) h  ( s −   t  j − 1 ) +   L  f  (   R - )   ∫    t  j − 1  s ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ d 𝜏 + 2   M  f h ≤


  ≤ ∥ y  (   t  j − 1 ) −   y  j − 1 ∥ +   L  f  (   R - ) h  ( s −   t  j − 1 ) +   L  f  (   R - )   ∫    t  j − 1  s ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ d 𝜏 + 2   M  f h ≤


  ≤ ⋯ ≤


  ≤ ⋯ ≤


    L  f  (   R - ) h  ( s − t ) +   L  f  (   R - )   ∫  t  s ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ d 𝜏 + 2   M  f h ,


    L  f  (   R - ) h  ( s − t ) +   L  f  (   R - )   ∫  t  s ∥ y  ( 𝜏 ) − z  ( 𝜏 ) ∥ d 𝜏 + 2   M  f h ,


      M  f =  max   (  t ,  x ,  u ) ∈  [ 0 ,  T ] ×  Ω - × U ∥ f  (  t ,  x ,  u ) ∥


  ∥ y  ( s ) − z  ( s ) ∥ ≤  (   L  f  (   R - ) T + 2   M  f ) h   e  T   L  f  (   R - ) =   C  R h ,   s ∈  [    t  j ,    t  j + 1 ] ,   j =   0 , N − 1 ‾ ,


  ∥ y  ( s ) − z  ( s ) ∥ ≤ ∥ y  ( s ) −   y  N − 1 ∥ + ∥   y  N − 1 −   y  N ∥ ≤   C  R h +   M  f h =  (   C  R +   M  f ) h ,


  ∥ y  ( s ) − z  ( s ) ∥ ≤ ∥ y  ( s ) −   y  N − 1 ∥ + ∥   y  N − 1 −   y  N ∥ ≤   C  R h +   M  f h =  (   C  R +   M  f ) h ,


      C  R =  (   L  f  (   R - ) T + 2   M  f )   e  T   L  f  (   R - )


    s ∈  [    t  N − 1 ,    t  N ]


  ∥ y  ( s ) −   y  N ∥ ≤ ∥ y  ( s ) −   y  N − 1 ∥ + ∥   y  N − 1 −   y  N ∥ ≤   C  R h +   M  f h =  (   C  R +   M  f ) h ,


  ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) −   J h  k  (  t ,  x ,   {   u h  k } ) ∣ ≤


    L ℓ  (   R - )  ( T − t ) h +   ∑  j = 0  N − 1    ∫    t  j    t  j + 1    L ℓ  (   R - ) ∥ y  ( 𝜏 ) −   y  j ∥ d 𝜏 +   L  g  (   R - ) ∥ y  ( T ) −   y  N ∥ ≤


    L ℓ  (   R - )  ( T − t ) h +   ∑  j = 0  N − 1    ∫    t  j    t  j + 1    L ℓ  (   R - ) ∥ y  ( 𝜏 ) −   y  j ∥ d 𝜏 +   L  g  (   R - ) ∥ y  ( T ) −   y  N ∥ ≤


  ≤  ( T   L ℓ  (   R - ) + T   L ℓ  (   R - )   C  R +   L  g  (   R - )  (   C  R +   M  f ) ) h =     C - 3 h ,


  ≤  ( T   L ℓ  (   R - ) + T   L ℓ  (   R - )   C  R +   L  g  (   R - )  (   C  R +   M  f ) ) h =     C - 3 h ,


        C - 3 = T   L ℓ + T   L ℓ   C  T +   L  g  (   R - )  (   C  R +   M  f )


     {   u h  k }


     (  t ,  x ) ∈  [ 0 ,  T ] ×   𝛺 -


  ∃     C - 4 > 0 ,   ∣   J h  k  (  t ,  x ,   {   u h  k } ) −   v h  (  t ,  x ) ∣ ≤     C - 4   k   h 2 .  


     (  t ,  x ) ∈  [ 0 ,  T ] ×  Ω -


    v h  (  t ,  x ) ≤   J h  (  t ,  x ,   {   u  h , j  k } ) =   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  h , j  k ) + g  (   y  N ) .


    p h  (    t  j ,    y  j ,  u ) =  { h ℓ  (    t  j ,    y  j ,  u ) +   v h  (    t  j + 1 ,    y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,  u ) u ) ) } ,


    p h  k  (    t  j ,    y  j ,  u ) =  { h ℓ  (    t  j ,    y  j ,  u ) +   v h  k  (    t  j + 1 ,    y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,  u ) u ) ) } .


    p h  k  (    t  j ,    y  j ,  u ) =  { h ℓ  (    t  j ,    y  j ,  u ) +   v h  k  (    t  j + 1 ,    y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,  u ) u ) ) } .


    p h  k  (    t  j ,    y  j ,    u  h , j  k ) =  min  u ∈ U   p h  k  (    t  j ,    y  j ,  u ) ,     v h  (    t  N ,    y  N ) = g  (   y  N ) ,


  0 ≤   J h  k  (  t ,  x ,   {   u  h , j  k } ) −   v h  (  t ,  x ) =   ∑  j = 0  N − 1 h ℓ  (    t  j ,    y  j ,    u  h , j  k ) + g  (   y  N ) −   v h  (  t ,  x ) =


  =   ∑  j = 0  N − 1 [    p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) ] + g  (   y  N ) −


  =   ∑  j = 0  N − 1 [    p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) ] + g  (   y  N ) −


  −   ∑  j = 0  N − 1 [    v h  (    t  j ,    y  j ) −   v h  (    t  j + 1 ,    y  j + 1 ) ] −   v h  (    t  N ,    y  N ) =


  −   ∑  j = 0  N − 1 [    v h  (    t  j ,    y  j ) −   v h  (    t  j + 1 ,    y  j + 1 ) ] −   v h  (    t  N ,    y  N ) =


  =   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   v h  (    t  j ,    y  j ) ) ] .


  =   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   v h  (    t  j ,    y  j ) ) ] .


    v h  (    t  j ,    y  j ) =   p h  (    t  j ,    y  j ,    u  h , j ) =  min  u ∈ U   p h  (    t  j ,    y  j ,  u ) ,


  0 ≤   J h  (  t ,  x ,   {   u  h , j  k } ) −   v h  (  t ,  x ) =


  =   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   p h  (    t  j ,    y  j ,    u  h , j ) ) ] .


  =   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   p h  (    t  j ,    y  j ,    u  h , j ) ) ] .


    p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   p h  k  (    t  j ,    y  j ,    u  h , j ) ≤ 0


    p h  (    t  j ,    y  j ,    u  h , j  k ) −   p h  (    t  j ,    y  j ,    u  h , j ) ≥ 0 .


  0 ≤   J h  (  t ,  x ,   {   u  h , j  k } ) −   v h  (    t  v ,  x ) ≤


  ≤   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   p h  (    t  j ,    y  j ,    u  h , j ) ) ] =


  ≤   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   p h  k  (    t  j ,    y  j ,    u  h , j  k ) −   p h  (    t  j ,    y  j ,    u  h , j ) ) ] =


  =   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   v h  k  (    t  j + 1 ,      y -  j + 1 ) −   v h  (    t  j + 1 ,      y -  j + 1 ) ) ] ≤


  =   ∑  j = 0  N − 1 [    v h  (    t  j + 1 ,    y  j + 1 ) −   v h  k  (    t  j + 1 ,    y  j + 1 ) +  (   v h  k  (    t  j + 1 ,      y -  j + 1 ) −   v h  (    t  j + 1 ,      y -  j + 1 ) ) ] ≤


  ≤ 2     C - 2 N  (   k h + k ) = 2     C - 2 T  ( 1 + h )   k   h 2 ≤     C - 4   k   h 2 ,


  ≤ 2     C - 2 N  (   k h + k ) = 2     C - 2 T  ( 1 + h )   k   h 2 ≤     C - 4   k   h 2 ,


        y -  j + 1 =   y  j + h f  (    t  j ,    y  j ,  +  h 2 f  (    t  j ,    y  j ,    u  h , j )   u  h , j )


    v  (  t ,  x )


      u h  k  ( ⋅ )


     (  t ,  x ) ∈  [ 0 ,  T ] ×   𝛺 -


   lim  h → 0 J  (  t ,  x ,    u h  k  ( ⋅ ) ) = v  (  t ,  x )


    k = O  (  h  2 + 𝛾 )


    0 < 𝛾 < 1


     (  t ,  x ) ∈  [ 0 ,  T ] ×  Ω -


  ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) − v  (  t ,  x ) ∣ ≤


  ≤ ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) −   J h  k  (  t ,  x ,   {   u h  k } ) ∣ + ∣   J h  (  t ,  x ,   {   u h  k } ) −   v h  (  t ,  x ) ∣ + ∣   v h  (  t ,  x ) − v  (  t ,  x ) ∣


  ≤ ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) −   J h  k  (  t ,  x ,   {   u h  k } ) ∣ + ∣   J h  (  t ,  x ,   {   u h  k } ) −   v h  (  t ,  x ) ∣ + ∣   v h  (  t ,  x ) − v  (  t ,  x ) ∣


  ∣ J  (  t ,  x ,    u h  k  ( ⋅ ) ) − v  (  t ,  x ) ∣ ≤     C - 3 h +     C - 4   k   h 2 + ∣   v h  (  t ,  x ) − v  (  t ,  x ) ∣ .


    k = O  (  h  2 + 𝛾 )


    0 < 𝛾 < 1


   


  S =  {    t  j , ∣ ,  j ,  = 01 … N }


  G =  {    x  i , ∣ ,  i ,  = 12 … M }


  h =   T  N ∈  ( 0 , 1 )


    t  j = j h  (  j , = , 0 ,  1 … N )


    U  N =  (    U 1  N , … ,    U  M  N ) =  (  g ,   (   x 1 ) ,  … g  (   x  M ) )


    U  i  j − 1


    U  j − 1 =  (    U 1  j − 1 , … ,    U  i  j − 1 )


  U


    U  d =  {    u  n , : ,  n = 12 …   }


  d > 0


  u ∈   U  d


    𝜆  i j − 1  k  ( u )


    x  i + h f  (    t  j − 1 ,    x  i ,  +  1 2 h f  (    t  j − 1 ,    x  i ,  u ) u ) =   ∑  k = 1  M    𝜆  i j − 1  k  ( u )   x  k .


    u ∗  (    t  j − 1 ,    x  i ) =  arg ⁡   min  u ∈   U  d  { h ℓ  (    t  j − 1 ,    x  i ,  u ) +   ∑  k = 1  M    𝜆  i j − 1  k  ( u )   U  k  j } ,


    U  i  j − 1 = h ℓ  (    t  j ,    x  i ,    u ∗  (    t  j − 1 ,    x  i ) ) +   ∑  k = 1  M    𝜆  i j − 1  k  (   u ∗  (    t  j − 1 ,    x  i ) )   U  k  j .


  0 < j


  j = j − 1


      y 0 = x


      u ∗  (    t  j ,    y  j )


      y  j + 1


      x  k ∈ G


      y  j


    u ∗  (    t  j ,    y  j ) =   u ∗  (    t  j ,    x  k ) .


      y  j + 1  


    y  j + 1 =   y  j + h f  (    t  j ,    y  j ,  +  1 2 h f  (    t  j ,    y  j ,    u ∗  (    t  j ,    y  j ) )   u ∗  (    t  j ,    y  j ) ) .


    j < N


    j = j + 1


   {      y .  ( t ) = 2  ( 1 − y  ( t ) ) u  ( t ) ,  t ∈  ( 0 , 1 ]   y  ( 0 ) = z    u  ( t ) ∈ U =  [ 0 , 1 ]    J  ( u  ( ⋅ ) ) =   ∫ 0 1 ∣ 1 − y  ( t ) ∣    ( 1 + t ) 2 u    ( t ) 2 d t + 2 ∣ 1 − y  ( 1 ) ∣ →  min ⁡ , 


    z ∈ R  


  ∣ f  (  t ,  x ,  u ) ∣ = 2 ∣  ( 1 − x ) u ∣ ≤ 2 ∣ 1 − x ∣ ≤ 2  ( 1 + ∣ x ∣ ) ,


  ∣ ℓ  (  t ,  x ,  u ) ∣ = ∣ 1 − x ∣    ( 1 + t ) 2   u 2 ≤ 4 ∣ 1 − x ∣ ≤ 4  ( 1 + ∣ x ∣ ) ,


  ∣ g  ( x ) ∣ = 2 ∣ 1 − x ∣ ≤ 2  ( 1 + ∣ x ∣ )


  ∣ g  ( x ) ∣ = 2 ∣ 1 − x ∣ ≤ 2  ( 1 + ∣ x ∣ )


    C = 4


   {    −   v  s  (  x ,  s ) +  sup  u ∈ U  { −   D  x v  (  x ,  s ) ⋅ 2  ( 1 − x ) u − ∣ 1 − x ∣    ( 1 + s ) 2   u 2 } = 0 ,   v  (  x , 1 ) = 2 ∣ 1 − x ∣ .


    v  (  x ,  s ) = ∣ 1 − x ∣  ( 1 + s )


    y  ( t ) = 1


    x = 1


    u ∗  ( s ) =  1  1 + s


    x ≠ 1


    y ∗  ( t ) =     t 2 + 2 t + z     ( 1 + t ) 2 .


    k = C  h  2 + 𝛾 , 0 < 𝛾 < 1


    C


    h = 0 . 01


    k = 0 . 005


    z = 0 . 3


    z = 0 . 65


    h = 0 . 01


      u ∗


      y ∗


    z = 0 . 3


      u ∗


      y ∗


    z = 0 . 3


    z = 0 . 65


      u ∗


      y ∗


    z = 0 . 65


      u ∗


      y ∗


      u ∗


      y ∗


    z = 0 . 65


  h = 0 . 05


  h = 0 . 01


  h = 0 . 005


      u ∗


      y ∗


      u ∗


      y ∗


      u ∗


      y ∗


   {      y .  ( t ) = 2  ( 1 −   y 3  ( t ) ) u  ( t ) , t ∈  ( 0 , 1 ]    y  ( 0 ) = z    u  ( t ) ∈ U =  [ 0 , 1 ]    J  ( u  ( ⋅ ) ) =   ∫ 0 1 ∣ 1 − y  ( t ) ∣    ( 1 + t ) 2 u    ( t ) 2 d t + 2    ( 1 − y  ( 1 ) ) 2 →  min  u 


  ∣ f  (  t ,  x ,  u ) ∣ = 2 ∣  ( 1 −   x 3 ) u ∣ ≤ 2  ( 1 + ∣ x  ∣ 3 )


  ∣ ℓ  (  t ,  x ,  u ) ∣ = ∣ 1 − x ∣    ( 1 + t ) 2   u 2 ≤ 4 ∣ 1 − x ∣ ≤ 4  ( 1 + ∣ x ∣ ) ≤


  ∣ ℓ  (  t ,  x ,  u ) ∣ = ∣ 1 − x ∣    ( 1 + t ) 2   u 2 ≤ 4 ∣ 1 − x ∣ ≤ 4  ( 1 + ∣ x ∣ ) ≤


  ≤ 4    ( 1 + ∣ x ∣ ) 2 = 4  ( 1 + ∣ x  ∣ 2 + 2 ∣ x ∣ ) ≤ 8  ( 1 + ∣ x  ∣ 2 )


  ≤ 4    ( 1 + ∣ x ∣ ) 2 = 4  ( 1 + ∣ x  ∣ 2 + 2 ∣ x ∣ ) ≤ 8  ( 1 + ∣ x  ∣ 2 )


  ∣ g  ( x ) ∣ = 2 ∣    ( 1 − x ) 2 ∣ ≤ 2  ( 1 + ∣ x  ∣ 2 )


  ∣ g  ( x ) ∣ = 2 ∣    ( 1 − x ) 2 ∣ ≤ 2  ( 1 + ∣ x  ∣ 2 )


    f  (  t ,  x ,  u )


   (  f ,   (  t ,  x ,  u ) x ) =  ( 2 ,   ( 1 −   x 3 ) u x ) ≤ 2 x ≤  ( 1 + ∣ x  ∣ 2 ) ,


    C = 8


    p = 3


    h = 0 . 01


    k = 0 . 005


    z = 0 . 65


   {        y . 1  ( t ) =   y 2  ( t ) ,       y . 2  ( t ) = u  ( t ) ,  t ∈  ( 0 , 1 ]     y 1  ( 0 ) =   x 1 ,     y 2  ( 0 ) =   x 2    u  ( t ) ∈ U =  [ 0 , 1 ]    J  ( u  ( ⋅ ) ) =   y 1 2  ( 1 ) +   y 2 2  ( 1 ) →  min  u   


    h = 0 . 005  


    k = 0 . 001  


    z = 0 . 65

